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AG. STAT. 564        DESIGN OF EXPERIMENTS             2+1 
  
Objective  
Design of Experiments provides the statistical tools to get maximum information from least 
amount of resources.  This course is meant to expose the students to the basic principles of 
design of experiments. The students would also be provided with mathematical background 
of various basic designs involving one-way and two way elimination of heterogeneity and 
their characterization properties. This course would also prepare the students in deriving the 
expressions for analysis of experimental data.   
 
Theory  
UNIT I  
Elements of linear estimation, Gauss Markoff Theorem, relationship between BLUEs and 
linear zero-functions. Aitken’s transformation, test of hypothesis, analysis of variance, 
partitioning of degrees of freedom.  
UNIT II  
Orthogonality, contrasts, mutually orthogonal contrasts, analysis of covariance; Basic 
principles of design of experiments, uniformity trials, size and shape of plots and blocks.  
UNIT III  
Basic designs - completely randomized design, randomized complete block design and Latin 
square design; orthogonal Latin squares, mutually orthogonal Latin squares (MOLS), Youden 
square designs, Graeco Latin squares.  
UNIT IV  
Balanced incomplete block (BIB) designs – general properties and analysis without and with 
recovery of intra block information, construction of BIB designs. Partially balanced 
incomplete block designs with two associate classes - properties, analysis and construction, 
Lattice designs, alpha designs, cyclic designs, augmented designs, general analysis of block 
designs.  
UNIT V  
Factorial experiments, confounding in symmetr ical factorial experiments (2n   and 3n series), 
partial and total confounding, fractional factorials,asymmetrical factorials.  
UNIT VI  
Designs for fitting response surface; Cross-over designs. Missing plot technique; Split plot 
and Strip plot design; Groups of experiments; Sampling in field experiments.  
 
Practical  
Determination of size and shape of plots and blocks from uniformity trials data; Analysis of 
data generated from completely randomized design, randomized complete block design; 
Latin square design, Youden square design; Analysis of data generated from a BIB design, 
lattice design, PBIB designs; 2n , 3n  factorial experiments without and with confounding; 
Split and strip plot designs, repeated measurement design; Missing plot techniques, Analysis 
of covariance; Analysis of Groups of experiments, Analysis of clinical trial experiments. 
Sampling in field experiments.   
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 REVIEW OF TEST OF SIGNIFICANCE 
 

In  our  day to day life, knowingly or  unknowingly,  we study   samples  
and  infer  about  the  populations.  This   is particularly  so in the field of 
research where  the  populations may either be existing (real) or non existing 
(hypothetical). The principle reasons being reduced cost on resources, greater  
speed of completion of research, greater accuracy in the collection  of data 
and greater scope of research. 
We come across the following types of problems : 
 
(1)   Estimation of the population characteristics like   mean, percentage, ratio of 

two variables, variance, correlation between two variables, regression of one 
variable on the other etc. 

(2)   To verify or test whether given sample has come  from  the pre-determined  
real or hypothetical population  having  the mean known and variance known 
or estimated. 

(3)   To verify  or  test whether two  samples,  independent  or related  have been 
drawn from the same real or  hypothetical population with given mean and 
variance or its estimate. 

(4)   To verify or test whether multiple samples have come  from the same 
population or not. 

 
For the problems like (2), (3) and (4) the concept  of  test of significance has 

to be understood. 
 

It   is   our  experience  that  even   when   different representative  samples 
are drawn from the same population  their  estimates  of  the  population  parametric   
values  differ.  The magnitude  of  such differences varies according  to  the  sample 
sizes  selected.  However,  it is also  our  experience  that  in biological   research  
the  distributions  of  the   quantitative variables under study may be normal or 
slightly skewed.  However, the  distribution  of sample means drawn  from  such  
populations always  follows  normal  distribution with mean as  that  of  the 
population  and  variance  as  the  ratio  of  variance  of   the population to the 
sample size. 
 

Under  the situation many a time the question Aries  in our  mind  whether  the 
observed difference  between  the  given sample  estimate and the population mean 
in case of problem  like (2),  or whether the observed differences between two 
sample  in problem  like (3), or multiple samples in problems like  (4)  are due  to  
sampling  or  some other  reasons.  Theory  of  test  of significance can help in 
solving such problems. 
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Test of significance 
It  is  a statistical procedure to decide  whether  the observed   differences  

among  the  sample  estimates   and   the population  parametric  values  are 
significance  are  not  at  a specified level of significance. 
 
Reasons for differences or deviations 

The observed difference between the sample estimate and the population  
parameter  or among  sample  estimates  and  the population parameters may be 
due to the following reasons.  
 
(1)   Differences due to sampling :  After all sampling procedure has been adopted 

to infer about the  population. However best sampling procedure might  have 
been used for drawing the best representative sample. It  is always  excepted 
to show deviation between  sample  estimate and population parameters. 
Such deviations are expected to be smaller  and  have  larger probability  to  
get  them.  Such differences  are considered as differences due  to  sampling 
fluctuation. 

(2)   Real difference: When  the  given sample or samples has/have not  been  
drawn from  the pre-determined real or hypothetical population  or 
populations, we observed differences between or among sample 
estimate/estimates  and population parametric  values.  Such deviations  are  
expected  to be  larger  and  have  smaller probabilities  to get them. Such 
differences are  considered as real differences. 

 
The  appropriate test of significance can  decide  whether such observed 

deviations are due to sampling errors or real. 
 
Procedure of test of significance 
 

Depending  on the objectives laid out for the  research  the test of significance 
has to pass through the following steps.  
 
Step 1  : Set the null hypothesis (Ho) and its alternative (Ha). 

Hypothesis  (H) : It is the statement specifying  the  parametric values of a 
distribution from which the sample or samples  is/are drawn. 

 
Null  Hypothesis  (Ho)  : It is the  hypothesis  of  equality  of populations 
from which sample or samples are drawn. or it is  the hypothesis  of  no 
difference among the  populations  from  which sample or samples are 
drawn. 
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Alternate   Hypothesis  (Ha)  :  In  the  test  of   significance when  the  null  
hypothesis  is  set,  from  the  sample  it  may be  possible  that  the 
deviations  are  significant.  Under  the circumstances   if  Ho  is not to be  
accepted  some  alternative hypothesis  has to be accepted. So along with 
Ho, Ha has also  to be specified. For example if two random samples A and 
B are drawn from  the  population  the Ho can be Ho : 1 = 2 and  Ha  can  
be Ha : (i) 1 + 2 (ii) 1 > 2 (iii) 1 < 2. Where  1 and  2  are the  
populations  from  which sample A and sample  B  are  drawn. Depending 
on logical reasoning or the past experience, the Ha has to be formulated. 

 
Step 2  :  Fix  the  level of significance. From  the  theory  of sampling,  based  on  

null hypothesis,  it  is  possible  to workout the probability of getting the 
observed deviation or more    of    sample    estimate    and    the    
population parameter. If such probabilities are large (usually  greater than  
5  %) we consider the observed difference  as  due  to sampling   
fluctuation  only  and  consider  than   as   not significant.  When  the 
probabilities are low  (usually  less than 5 %) the differences are 
considered as significant  and when  they are very low (less than 1 %) the 
differences  are considered  as  highly significant. Significant  and  highly 
significant differences are considered as real  differences. 

 
In practice it is not always necessary to workout the actual probabilities of 

observing such differences but depending on nature  of distributions of the sample  
estimates  readymade tables  (like that of Z, t, F and 2  distributions)  tables have   
been  developed  to  decide  whether  the   observed differences  can be considered 
as significant or not  at  as specified  level of probability. Thus level  of  significant 
can be defined as "The maximum probability of rejecting  the null  hypothesis  when  
it is true." Usually 5  %  and  1  % probability  levels are fixed as levels of significant. 
5  % levels  of  significance indicate that on the basis  of  the null  hypothesis  the  
probability of  getting  an  observed difference  or  more  between the sample  
estimate  and  the population  parameter is 5 % or less. In such situation  the 
observed difference is considered as significant. 1 %  level of  significance indicate 
that the probability of  observing such  deviation or more is as low as 1 %.  Such  
differences are consider as highly significant. 
 

Step 3 : Decide about the test criterion 
The following test criteria are usually chosen for carrying out the test of significance 
 

1.   Z   :   for one sample and two samples test 
2.   t   :   for one sample and two samples test 
3.   F   :   for two or more samples 
4.   2 :   for quantitative or enumerative types of data 
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  I N T R O D U C T I O N 
 
Experiment 

An experiment is a planned inquiry to obtain new  facts or  confirm  or  deny 
the result  of  previous  experiment.  Such inquiry   can  aid  in  an  administrative  
decision,   such   as recommending   a  variety,  a  feed,  a  cultural  practices,   a 
fertilizer, a pesticide or a fungicide etc. 
 

Type of experiments 
 

1.   Preliminary experiments : Here investigator tries out  large number  of  
treatments in order to obtain leads  for  future work.  Here replications are not 
taken for  such  treatments tried  e.g. number of pesticides for control of  
diseases  - take single observation for each treatment and take decision that 
some  of them worth  trying for use.  

 

2.    Critical  experiments  :  Here  the  investigator   compares response   to   
different   treatments   using    sufficient observations  of the responses to give 
reasonable  assurance of detecting meaningful differences. 

 

3.    Demonstrational experiments : Such experiments are performed when 
extension workers compare a new treatment or treatments with  a standard or 
local one. Critical experiments are  very important.  For such experiment, it is 
essential  to  define the  population to which inferences are to be apply,  
design the  experiment  accordingly and make  measurements  of  the 
variables under study. 

 

Objectives of an experiment: In  designing  an  experiment,  state  objectives  
very clearly as questions to be answered, hypothesis to be tested  and effects 
to be estimated. 

 

Experimental Unit : 
An  experimental unit or experimental plot is the  unit or  material  to which a 
treatment is to be applied OR  it  is  a group of material to which a treatment is 
to be applied in single trial  of the experiment. The experimental unit may be a 
plot  of land,  a patient in a hospital, an animal, a group of pigs  in  a pen, a 
batch of seeds etc. 
 

Treatment  
The  treatment is the procedure whose effect is  to  be measured  and 
compared with other treatments e.g. the  varieties, manures,  chemicals, 
methods of seed treatments, nutritional  and other factors in case of animal. 

 

Precision 
The term precision is concerned with the  repeatability of  measurements.  
The precision  of a  measurement  denotes  the closeness with which the 
measurement approaches the average of  a long  series  of  measurements  
made  under  similar  conditions. Precision or Sensitivity or amount of 
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information is measured  as the  reciprocal of the variance of a mean. As the 
size of  sample (n  or  r)  increases 2

x = 2/n or r) decreases  and  precision 
increases.  A  comparison  of  two  sample  means  becomes   more sensitive  
i.e.  can  detect a  smaller  difference  between  the population means, as the 
sample sizes increase. 

 

Experimental Error 
It  is  a  measure  of  the  variation  which  exists  among observations on 
experimental units treated alike. 

 

There are two major sources of such error.- 
 

a.  The  inherent variability which exists in  the  experimental material to which  
treatments are applied. 

 

b.  The  variation which results from any lack of uniformity  in the physical conduct of 
the  experiment. 

 

The  relative magnitudes of the variation due to  these  two sources will be 
different for various fields of research. 
 

It  is  important  that every possible efforts  be  made  to reduce the experimental 
error in order to 
 

(i)  improve the power of test, 
(ii)  to decrease the size of confidence interval and 
(iii) to achieve some other desirable goal. 
 

How the error can be reduced ? 
 

a.   Handling  the  experimental material in such a way that  the effects  of inherent  
variability are reduced  or  error  is controlled by 

 

(i)  experimental  design, 
(ii)  use of concomitant  observations i.e. by statistical control  of error  
(iii)  the choice  of proper size and shape of the experimental units. 

 
b.   Refine the experimental technique of experimental design by 
 

(i)  Uniformity in the application of treatments. 
(ii)  Control be exercised over external influence. 
(iii)  Suitable  and unbiased measures of the effects of  the treatments 

should be made available. 
(iv) Avoid gross error by proper supervision and scrutiny of data. 
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 PRINCIPLES OF EXPERIMENTAL DESIGN 
. 

Experiment  is the main tool of agricultural  research.  The aim of an 
experimenter is to know whether the given treatment  is effective or not, if effective, 
the magnitude of the effect  must also be ascertained. The purpose of conducting  an 
experiment  is to  know  these  facts.  The main  difficulty  in  conducting  an 
experiment  is  that  in which some extraneous  factors  mark  or confuse   the  
treatment  effects.  For  elimination   of   these extraneous  effects some basic 
principles are to be  followed  in planning an experiment. They are replication 
randomization and local control.  These three principles were  developed by  Ronald  
A Fisher and F Yates and their associates at Rothamsted Experimental Station in 
course of their work. These three principles were involved in  designing of all the 
experiments. That is they seek to provide by means  of randomization and 
replication, unbiased comparison of  treatments against  their standard errors and 
aim at reducing  these  course with  the  help  of replications and local  control.  
Fisher  has pictured their relationship as follows: 

 
 

Replication 
 
 
 
 

Randomization                   Local control 
 
 

Reduction of experimental error 
 
 

Validity of estimate of experimental error 
 

 
To  understand  these  interrelationships  the  three   said principles should be 

considered in detail. 
 
 

Replication 
 
When a treatment appears more than once in an experiment, it is said to be 

replicated. In otherworlds, repetition of treatment in an experiment is known as 
replication. 
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Why replications are necessary ? 

 
(i)   provide an estimate of experimental error, 
 
(ii)  improve  the  precision of an  experiment  by  reducing  the standard  

deviation  of  a  treatment  mean  i.e.   standard error, 
 
(iii) increase  the  scope  of  inference  of  the  experiment  by selection 

and appropriate use of quite variable experimental units and 
 
(iv)  effect control of the error variance. 

 
Factors affecting the number of replication 
 

i.   Degree of precision required. 
ii.   Number of treatments 
iii.   Design of experiment 
iv. Funds and time available 

 

 
Randomization 

 
The allotment of the treatments to the experimental units by random 

procedure is known as randomization. 
 
Functions 
 

i.    It  assures  unbiased  estimates  of  treatment  means   and differences 
among them and  

 
ii. it  assures  unbiased estimates of  experimental  error  and thereby valid test 

of significance. 
 

 
Local  Control 
 

 
The  random allocation of treatments to  experimental  units while giving an 

estimate of treatment differences are  free  from any  systematic   influence  of 
environment or bias  as  well  as providing a correct test of significance. It is also 
desirable to reduce  the  experimental  error as far  as  practicable  without 
interfering  with  the  statistical  requirement  of   randomness because  the  lower 
the experimental error the smaller  the  real difference between treatments can be 
detected to be  significant. 
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The  reduction  of experimental error can be achieved  by  having more 
homogeneous adjacent  experimental  units than those  widely separated  in an 
experiment. The principals which  provides  with greater homogeneity of a group of 
experimental units to reduce the experimental error is known as the local control. 
Based  on this, various forms of plot arrangements, to  suit the requirement of 
particular problems, experimental designs have been evolved. 

 

 
Analysis of Variance 
 

 
It  is a summary of how much of the total variability  among individual  

responses or yield can be explained by the  treatment means  and  how much 
remains as unexplained variation  among  the responses or yields for a given 
treatment.  

or 
 

It is a mathematical process  of partitioning the total sum of squares into various 
recognized sources of variation. 
 

 
Aims of Analysis of Variances 
 

 
1.   To  sort  out the total variance and  thereby  estimate  the variance components. 
 

2.   To test the predetermined hypotheses. 
3.   To evaluate the hereditary contribution in  genetics problems. 
4.   To split up the total variation in two parts viz., 
 

(i)   controlled variation due to treatment and 
(ii)  uncontrolled variation due to  experimental error. 

 

 
Assumptions underlying ANOVA 
 

For  valid  use  of  ANOVA   certain  assumption  should  be satisfied.   
 

1.    The population from which each sample mean has been drawn is normally 
distributed. 

 

2.    The treatment effects and error are additive in nature. 
3.    Errors  are normally and independently distributed with mean zero and 

common variance 2. 
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    COMPLETELY  RANDOMIZED  DESIGN (CRD) 
 
Introduction : 
 

This design is useful only when  the experimental units  are homogenous. 
Completely randomized design is the simplest of  all designs.  This may be defined 
as the one in which the  treatments are randomly allotted to the entire experimental 
area. No  effort is  made to divide the area into blocks or to confine  treatments to 
any portion of the entire area. 
 
Application : 
 

The  use  of  CRD  is limited  to  green  house  studies, methodological  
studies and the laboratory experiments where  the experimental  material  is 
homogeneous. On the  other  hand  this design is seldom used in field experiments. 
Again the design  may be appropriate only in situations where the variation over all 
of the experimental unit is relatively small. 
 
Layout : 
 

The   layout refers  to the placement  of treatments on  the experimental site. 
Suppose there are 3 treatments A, B and C  and it   is  desired  to  replicate  (repeat)  
them  8   times.   The experimental  area  is  divided  into  24  equal  plots  and  the 
treatments  are  allotted to these plots at random. There  is  no restriction of 
assigning the plots to treatments. 
 
Completely Randomized Design with 3 treatments. 
 

B    1 C       9 B     17 
A    2 B      10 A     18 
A    3 C      12 C     19 
A    4 C      12 B     20 
A    5 C      13 B     21 
A    6 C      14 B     22 
A    7 C      15 B     23 
A    8 C      16 C     24 
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Randomization of treatments : 
 

The  allocation of the treatments to the different plots  by random process is 
known as randomization of the treatments. 

Here,  since the number of units is 24, a two  digit  random number  table  will  
be considered  and a  series  of  24  random numbers will be taken excluding  those 
which are greater than 24. Suppose the random numbers chosen are 4, 18, 2, 21, l4, 
3, 7, l3, 22,  l,  6, l0, l7, 23, 20, 8, l5, ll, 24, 5, 9, l2, l6  and  l9. After this the plots will 
be serially numbered and the  treatment A will be allotted to the plots bearing the 
serial numbers 4, l8, 2, 21,, 2, 14, 3, 7, and l3; treatment B will be allotted to  the 
plots  bearing the serial numbers 22, l, 6, l0, l7, 23, 20 and  8 and the rest for the 
treatment C. Alternatively  chit  box  method can also  be  employed  for drawing  the 
random  numbers. Here 24 chits are prepared  bearing serial  numbers l to 24. The 
first 8 chits of numbers drawn  will be the experimental plot numbers  that will receive 
treatment  A. The  remaining  chits  are drawn and allotted  similarly  to  the 
treatments B and C. 
 
Statistical Model   :  Yij  =   +  i +  ij 
 
Where, Yij =    Response or yield from the jth unit receiving the ith treatment 

  =   General mean 
i  =   Effect of ith treatment =  i -  
ij =  Uncontrolled  variation  associated with jth  unit receiving ith  

treatments.  They are assumed to be NID (0, 2) 
 
Analysis of variance : Completely randomized design with equal replications : 
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Analysis of variance :  Completely randomized design with unequal replication. 
Source of 
variation 
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Where, r  = Number of observations for treatments (equal number of observations) 
ro = Harmonic  mean  of  number  of  observations   for different  treatments 

(when  unequal  number   of observation for treatment).  
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Advantages : 
1.   It is easy to layout the design 
2.   The statistical analysis is simple 
3. There is all flexibility as regards the number of treatments in  the  experiment  

and  the  number  of  repetitions  per treatment.  This  system is very useful to 
plant breeders or biological  research workers who have some times  a  limited 
number of material. 

4.   The  design  allows  for the maximum number  of  degrees  of freedom in the 
error sum of squares. 

5.   Even  after conducting the experiment if some  mis-happenings occur in the final 
results,  ignoring these mishaps data can be  analyzed in the same manner as 
we used to analyze in the case of CRD 
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Disadvantages : 
 
.   In   CRD  the  variation  is  partitioned  only   into   two components,  viz., 

treatments and error. If the experimental material is heterogeneous, the error 
variation is very large and thus the precision will be affected. 

 
This design is recommended therefore in glass house studies and  in  other 

situations where uniform conditions  for  the experimental material can be 
maintained.  
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  RANDOMIZED  BLOCK  DESIGN (RBD) 
 

Introduction : 
 

In  this design  the whole experimental material is  divided into  homogeneous  
groups,  each of  which  constitute  a  single replication.  Each  of  these groups is 
further  divided  into  a number of experimental units which are equal in all respects. 
The treatments  are applied to these units by any random process.  In case  of field 
experiments if it is observed that  the  fertility gradient  of the field is in one direction, 
the whole  field  may be divided into a number of equal blocks and then each blocks  
be divided into a number of equal plots. The number of plots in each block  is equal 
to the number of treatments, so that each   block is  a  replicate of each treatment. 
An important   and  essential point  on  which  the attention kept  is  that  the  
experimental errors  within each group are to be kept as small as  practically 
possible  and  the  variation from block to  block  as  great  as possible.  In this way 
all the treatments which are  assigned  to one group, experience the same type of 
environmental  effects and are therefore comparable. 
 

The   shape  of  the blocks may  be  either  rectangular  or square  by which 
block area can be made as compact  as  possible. This  reduces the difference in 
soil fertility within the  blocks to a minimum. The relative position of blocks is 
immaterial. They may be as compact as possible and they may  even be separated  
by trips  of non-experimental land. However, in every case the  soil within  a  block  
should be as uniform  as  possible.  Similarly, during  the course of the experiment 
an uniform technique  should be  employed for all the plots of the same block. The 
changes in the  technique and other conditions, which may be   made  between the   
blocks,  but  within  the  blocks  uniformity   should   be maintained.  If the harvesting 
is to be spread over  a number  of days,   it  is  better  to  harvest  the  plots  
replication   by replication.  It is  important  to note that fresh  randomization is done 
in each block. 
 

Applications 
This  experimental design is especially use in the fields  of research  where  

the  experimental material  is  expected  to  be heterogeneous  but  it  is  possible  to  
group  the  homogeneous experimental units in the form of blocks. It's use in 
agriculture is very common because the fields on which the experiments are to be  
laid  out  are generally heterogeneous  in  nature,  but  the fertility  gradient of the soil 
might have a tendency  towards  a particular  direction.  It  is  also  possible  that  
adjacent contagious plots forming a block will generally be homogeneous in nature 
as compare to widely apart experimental plots, forming the experimental   material  
to  which  the  treatments  are  to   be superimposed.  Similarly,  in  case of 
experiments  on  trees  or animals  where  it is possible to control the variation  in  
some known characteristics is possible, this design is used. 
GUIDELINES FOR PROPER BLOCKING 
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1. When the gradient is unidirectional, use long and narrow blocks. Furthermore, 

orient these blocks so that length is perpendicular to the direction of the 
gradient. 

 

2. When the gradient occurs in two directions with one gradient much stronger 
than the other, ignore the weaker gradient and follow the preceding guideline.   

 

3. When the gradient occurs in two directions with both gradients equally strong 
and perpendicular to  each other, choose one of these alternatives ; 

 

(i) Use blocks that are as square as possible. 
 

(ii) Use long and narrow blocks with their length  perpendicular to the direction 
of one gradient and use covariance technique to take care of the other 
gradient. 

 

4. When the pattern of variability is not predictable, block should be as square as 
possible. 

 

Layout plan 1 : No. of treatment : 5 (A,B,C,D,E),  No. of replications : 4 
I                              II 

1 2 3 4 5  6 7 8 9 10 
B C E A D  D A C E B 

III                            IV 
11 12 13 14 15  16 17 18 19 20 
A C D B E  B D C A E 

 
Layout plan 2  :    Treatments = 8,  No. of replications : 3 
I    II     III 
1    2    3    4   9   10   11   12       17   18   19   20 
T6   T1   T4   T3    T5   T2   T7   T3       T3   T8   T5   T1 
5    6    7    8  13   14   15   16       21   22   23   24 
T7   T5   T2   T8   T4   T1   T6   T8       T6   T2   T4   T7 
 
Note : Compact near  to square block long and narrow plots. 
 

Here the numbers indicate the numbers of experimental  units constituting a 
block or replication and the letters  superimposed on the units indicate the randomly 
allotted treatments. 
 
Randomization of treatments 
 

As indicated earlier, the experimental units forming a block or replication are 
serially numbered. Randomization of treatments is carried out on these units. Fresh 
randomization of  treatments for  different blocks or replications is performed 
separately  as indicated in the above layout plan. 
Statistical Model   :   
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Yij  =   +  i +   jij 
 

Where, Yij =    Response or yield from the jth unit receiving the ith treatment 
  =   General mean 
i  =   Effect of ith treatment =  i - 
j  =   Effect of jth replication =  j -  
ij =  Uncontrolled  variation  associated with ith treatment in jth  

replication.  They are assumed to be NID (0, 2) 
 

Analysis of Variance 
Source of 
variation 
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Standard error and critical difference : 
                                                                

The standard error of mean = r
MSEmS E   ..   

The  standard  error  or   the  difference  between  the treatment  means  based  on r 
replications is  estimated  by  the relation. 
 

r
MSEdS E2   ..                          

 

Where,  MSE  =   Error M.S.       r  =   No. of replications 
 

Critical difference at 5 % level of significance 
                              
CD 0.05 = S Em x 2 x t 0.05,ne  or SEd x t 0.05,ne 

               (when treatment F is significant) 
Advantages : 
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(1)  Any  number  of  treatments  can be tried  in  this  design. However,  this 
depends     upon the homogeneity  of the material within  a group of replication. 

(2)  Any  number of replications can be  had depending upon  the availability of the  
experimental material. 

(3)  If  desired more than one units can be assigned to  one  or some treatment  in 
each  replication.  This  is  especially important  in its behavior. 

(4) The statistical analysis,  even when more than one units are assigned to a     
treatment per replications, remains similar. 

(5)  When there are any mishaps such that the entire replication is  damaged  it  is 
possible to forget the  result  of  that replication  and  carry  out statistical  
analysis  for  the remaining replications. 

(6)  Likewise   a  given  treatment  may  be  affected  by   some extraneous factors to 
the extent that the results need to be omitted. It is  possible to forget about such 
a treatment to carry out the statistical analysis. 

(7)  Sometimes   only   few    units   spread   over    different replications  are  
damaged  due to  mishaps.  In  that  case "missing  plot technique" can be 
utilized  to substitute the value for the missing plots. 

(8) If the experimental variation is not homogeneous for the set of  treatments,  tried  
it  is possible  to  separate  such variation for individual treatment.  Proper "F" or 
"t"  test can be carried  out. 

 

Disadvantages : 
 

(1)  If   grouping  does  not  ensure  complete  elimination   of homogeneity  amongst 
experimental units,  requiring  thereby further grouping, this design is less 
efficient. 

(2)  Due  to rejection of replication or treatment or finding out missing values we lose 
error degrees of freedom and  thereby decrease the precision whereas  in CRD  
there will not be much lose. 

 

Efficiency of R.B.D. 
 

The efficiency of a randomized block design as compared   to a  completely  
random  design  is  the  inverse  ratio  of  their estimators  of error, the less  the error, 
more efficient is  the design. The efficiency is measured in percentage. 
 

The  formula of the efficiency of R.B.D. over CRD  is  as under : 
 
                         (n1 + 1)   (n2  + 3)   E2 
% Efficiency  =  ----------------------------         x   100 
                         (n2 + 1)   (n1  + 3)   E1 
 
Where,   n1 =   Error  d.f. in R.B.D.            n2 =   Error d.f. in  CRD 
              E1 =   Error M.S. in  R.B.D.          E2 =   Error  M.S. in CRD 
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 MISSING PLOT TECHNIQUE 
Accidents  often  results in the loss of data. Crop  may  be destroyed,  animals 

die or errors made in the application of  the treatments or in recording. Under such 
situations, application of usual  analysis of variance, with some modifications, then  
given  results that are correct enough for practical purposes. 

In estimation of missing data, the missing item must not  be due  to  failure of 
a treatment. If a treatment  has  killed  the plants  producing no/zero yield, this 
should be entered as  zero, not a missing value. 
 
MISSING VALUE IN  R.B.D. 
 
One missing observation 
 
When any observation of a character under study is  missing, we  first  estimate the 
missing observation  and  substitute  the estimated  value  for further analysis. The  
method  consists  of selecting a value Mij for the unknown missing value such that 
the error variance is kept at minimum. 
 

)1)(1(
    Mij





tr

GrBjtTi
 

 
Where, 
 
Mij  = missing value of i th treatment in j th replication 
  t   =  number of treatments 
  r   =  number of replications 
 Ti  =  total of the available observations for i th treatment containing missing value. 
 Bj  = total of the available observations in j th block/replication containing missing  

value. 
 G =  grand total of all  available observations. 
 

The analysis is then carried out as usual after substituting the estimated value 
of missing observation with one d.f. is to be subtracted  from the d.f. corresponding 
to error sum  of  square and total sum of squares. 
 
Bias correction : 
 
Theoretically  it is necessary to work out  bias  correction when  missing plot 
technique is used for analysis. However  under the  following  situations one can 
ignore  its  calculations  and further adjustment. 
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First  work  out  M.S.  and F  for  treatment  source,  with  out adjusting treatment 
SS for bias. 
 
1)   If  comparison  show the estimate to be  highly  significant, there is no need for 

bias correction. 
2 )  Also  if  it  is non significant there is no  need  for  bias correction,  but  it  is  a 

must when the  results  are  just significant at 5 % level of significance. 
 

     
 

)1(
)1(

 
2






tt
MtB

biasUpward ijj  

 
where :    Bj  =  total  of the available observations in j th block containing missing 
value. 
                Mij =  missing value , t =  number of treatments 
 
Standard  Error  for  Testing  the  Significance  of  Difference  between two 
Treatment Means. 
 
(a)  Standard  error of the difference between two  treatment means not involving the 

missing value. 
                                                                                        
    The standard error of difference  of mean = S.Ed.= 2 S2e / r 
 
(b)   Standard error of the difference between two  treatment means one of which is 

a missing value. 
 












)1)(1(

12
trrr

MSSEd E  

 
Where,  MSE = Error mean square and   r   = Number of  replications for each 
treatment 
               t   = Number of treatments 
 
Two missing observations 
 

The iterative method of analysis is used when more than  one observations 
are missing. Suppose two observations are missing in RBD.  These  missing value 
can be (i) in the same block  (ii)  in different  blocks  and  belonging to  different  
treatments.  The estimates  of  missing values can be obtained by  the  method  of 
iteration  or successive approximations suggested by  Yates.  The missing values of 
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X and Y are Xa and Ya, a =1,2,...,p denoted by X and  Y in a th iteration process 
which terminates in p steps.  The method consists in substituting an approximate 
value, Y1 (usually the  mean  value of the available observations) for  the  missing 
observations  and  the other value is computed as in  case  of  a single missing 
observation, by the formula. 
 

Estimate Y as                   _    _ 
                                        Bj + Ti 
                                Y  = -------- 
                                           2 
            _           _ 
where, Ti   and Bj   are the  means  of the known values for the  treatment and block 
respectively containing any one  of  the   missing value. 
 
                                           t Ti  + r Bj   - G' 

X1   =   ---------------------                    Where, G' = G + Y 
                                             (r - 1) (t - 1) 
 
                                           t Ti  + r Bj   - G' 
                               Y1   =   ----------------------                     Where, G' = G + X1 
                                             (r - 1) (t - 1) 
 
            Estimate X2 and Y2   second cycle 
 
This  is  continued  until the new  approximations  are  not materially different from 
those found in the previous cycle. 
  
Bias Correction : 
 
                                       [ Bj  - (t - 1) My ]2                    [ Bj  - (t - 1) Mx ]2 
Correction due to  Y  =   ----------------------  and    X  = ----------------------- 
                                              t (t - 1)                                   t (t - 1) 
 
 Where, Bj = total of available observations in jth block containing     missing value. 
                    Mx and  My   are two  missing  values  and ‘ t ‘ be the number of 

treatments. 
 
Total correction =    [ Correction due to  X  ]    +      [ Correction due to  Y  ] 
 
Total  correction is to be subtracted from the treatment  SS to adjust the treatment 
SS. 
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Effective Number of Replication : 
Let  there are A, B, C, D and E five treatments  of which B and C are missing 

then, to find out the effective number of  replications, following procedure should be 
adopted. 
 
1)   For finding out the effective number of replications for B. 
 
i)   Give  the score 1 for the effective number  of  replications for B and C are 

present. 
ii)  Give score 1/2, if B is present, but C is missing and,  
iii)  Give score 0 when B itself is missing. 
 
2)   For finding out the effective number of replications for C. 
 
i ) Give  the score 1 for the effective number  of  replications for B and C are present. 
ii) Give score 1/2, if C is present, but B is missing and, 
iii) Give score 0 when C itself is missing. 
 
lsd or C D at 5 % level of significance 
 
lsd  = t 0.05,ne x SEd 
  
where,  ne  =  error d.f. and SEd  is Standard  error  of  the difference between two     

treatment means . 
 

)11(
ji

E rr
MSSEd   

Where,  MSE = Error mean square and r1 and r2 be the effective number of 
replication. 
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 LATIN SQUARE DESIGN 
 

In  agricultural  field experiments, there is  frequently  a gradient in fertility 
running parallel to one of the sides of the field.  Some times, gradient run parallel to 
both sides and  some times  in  a new field, it is not known in  which  direction  the 
predominant gradient may run. In other words, if the experimental field is divided into 
smaller plots-experimental units they  show variation  in  one direction, two direction 
or in case of  a  new field cyclic variation. 
 

Likewise  in  case of experiments on  animals  the  animals-experimental  
units  show  variation  according  to  one  of  the characters like age, growth, body 
weight or lactation number etc. Under  the  situation  when we have  the  information  
about  the variation in one characteristic like unidirectional variation  in soil fertility or 
variations in any one of the characteristics of animals,  the  principle  of local  control  
can  effectively  be utilized by grouping the experimental material according to  such 
characteristics  and  formed the  blocks or  replications  having more or less 
homogeneous experimental units within each block  or each replication as was done 
in case of randomized block  design. However,  this  principle is still more effectively 
used when  we have  the  information  of  variability  in  two  characteristics 
measured  on the same experimental units. For example in case  of field   
experiments  when  the  fertility  gradient  is  in   two directions or in case of 
experiments on animals the  experimental units exhibiting variation in age and body 
weight or body weight and  lactation  number etc. Here the experimental  units  can  
be grouped  according to two characteristics or double grouping  can be  made  for 
the different experimental units according  to  the information  of  such 
characteristics. The  principle  of  double grouping  further help in reducing the 
experimental   error  more effectively.   In  case of latin square design the  principle  
of double grouping is effectively used  where the experimental units are  grouped  in  
the  form  of  rows  and  columns  such   that, experimental  units  forming  such  
rows  and  such  columns  are homogenous  within  themselves. The  basic 
requirement  for  this design  is  that, if there  are 't' treatments  under  comparison 
there   must  be   t    experimental  units  available  for   the experimentation and 
these  t   experimental units will have to be grouped in 't'  rows and 't' columns each 
with 't'   experimental units. Every treatments occur once and only once in every row  
or every column. The grouping according to rows and columns  as done considering  
the variation in two characteristics  such that  all the  experimental units forming a 
particular row  is  homogeneous from  view point of a variation in one characteristics 
and  units constituting a particular column are homogeneous  for view  point of the 
other characteristics. 
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This  design is also effectively used in case of  laboratory experiments,  
industries and soil science studies, where  it  may possible  to  group  the  
experimental  units  according  to  two characteristics. 
 

Thus,  in  case  of latin square  design  effect  of  double grouping  can  help 
to eliminating from  errors  all  differences among  rows and equally all differences 
among columns. Thus, the latin square provides more opportunity than randomized 
block  for the reduction of errors by skillful planning. Since each row  and column 
contains every treatment, differences among either set are attributed  to  soil  
variation. It is clear that  the  rows  and columns  should not be far from the same 
width in order to  share alike  in soil heterogeneity. This results in  desirably  
compact, almost square plots. Since the plots are usually small, the  soil variation  in 
them is small, unlike the randomized  design  whose blocks  need  not  be  
contiguous, the  latin  square  loses  its advantages if the plots are not contiguous in 
the field. On  this accounts the square is some what less flexible than the blocks.  
 
Application : 
 
When other are number of treatments between 5 to 10 and  the experimental   units   
can   be   grouped   according   to    two characteristics in field experiments, 
experiment on animals, Soil science  studies  and industries, laboratory trials  latin  
square design can used. 
 
Randomization and layout plan 
 
Randomization  in  the latin square consists of  choosing  a square  at   random  from  
among all   possible  latin   squares. Fisher  and  Yates  gave  the  complete  set  of  
latin   squares for 4 x 4 through 6 x 6 squares and sample squares up to size  12 x  
12.  Cochran  and Cox gave sample latin squares from  3  x  3, through 12 x 12. A 
method  of randomization suggested by  Cochran and Cox is as follows. 
 
The 3 x 3  squares : Assign letters to the treatments; this  need not  be  random.  
Write  out  a  3  x  3  square,  randomize  the arrangement  of the three columns, and 
then that of the last  two rows. 
 
The 4 x 4 squares : Here there are four squares such that one can not  be  obtained 
from another simply by re  arranging  rows  and columns.  Here,  we  randomly 
select one  of  the  four  possible squares and arrange at random all columns. 
  
The  5 x 5 square : By now there are many squares such  that  one cannot be 
obtained from another by rearranging rows and  columns.  Assign letters to the 
treatments at random. Randomize all columns and all rows. 
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The necessary conditions is that the treatments are to be so randomized  that every 
treatment occurs once and only  once  in each  column  and each row. The easiest 
way of obtaining  such  a randomization is to select randomly a "reduced latin 
square"  (or a latin square in standard form) out of 56 standard latin squares given in 
table   of Fisher and Yates statistical tables for 5 x 5 latin square. Standard latin 
square is one in which the first row and the first column are arranged in alphabetical 
order. 
 

Step 1 
 

 c1 c2 c3 c4 c5 
r1 A B C D E 
r2 B C D E A 
r3 C D E A B 
r4 D E A B C 
r5 E A B C D 

 

Step 2                               
 c1 c2 c3 c4 c5 

r3 C D E A B 
r2 B C D E A 
r1 A B C D E 
r5 E A B C D 
r4 D E A B C 

 
Step 3 

 c3 c1 c2 c4 c5 
r3 E C D A B 
r2 D B C E A 
r1 C A B D E 
r5 B E A C D 
r4 A D E B C 

Step 4 
 

 c3 c1 c2 c4 c5 
r3 C A D B E 
r2 D E A C B 
r1 A B E D C 
r5 E C B A D 
r4 B D C E A 

 

Reduced  latin square or  
standard square   obtained   by   
selecting randomly  out of 56 
latin squares. The random 
number was 52. 

Randomization   of   rows :           
Random numbers: 3,2,1,5,4.  
Arranging  the rows in this  order 
we get 

Randomization   of   columns :           
Random numbers: 3,1,2,4,5.  
Arranging  the rows in this  order 
we get 

Randomization of letters or  treatments  
Random numbers : 2,5,1,4,3               

2,  5,  1,  4,  3 
B   E   A   D   C 
A   B   C   D   E 
1   2   3   4   5 
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The treatment random numbers are to replace A, B, C, D and E in  order. Now 
we get the square with the restriction  that  each treatment  is to occur once  and 
only once in each row  and  each column  and with the treatments allocated in a  
perfectly  random order.  After this,  the experiment will be laid out by  applying the  
treatment A to the plots corresponding to positions  A's  in the  final  square,  
treatment B to the  plots  corresponding  to position of B's and so on. 
 

The  experimental area is divided into plots such  that  the number  of  plots in 
each row is same as the number of  plots  in each column and finally this number 
being equal to the number  of treatments.  The  plots  are  then  assigned  to  the   
different treatments such that every treatment occurs once and only once in each 
row and column. The number of replications per treatment  is equal  to number of 
treatments. And if the 'n' is the  number  of treatments;  there  will be 'n' rows,  'n'  
columns, and  n  x  n plots in the square.  
 

 
The  shape of individual plots may be square to long  narrow strip   and 

simultaneously the shape of latin square can also  be square or  rectangle 
accordingly. The term 'square' represent the equal number of  rows and columns. 
 

The design is very reliable to give precise results when the number  of treatments is 
from 5 to 8 or at the most 12. 
 

 
Statistical  Model : 

Yij(K)  =   + Ri   + Cj  +  T(k)  +  ij(k) 

 
 

i = 1,2, ...,r      j = 1,2, ...,c k = 1,2, ...,t  and r = c = t 
Where :   

 
Yij(K)   =  The response of k th treatment in ith  row and jth column  
         = General mean 
Ri  = Effect of i th row    = Ri - Y 
Cj  = Effect of j th column = Cj  - Y 
T(k)  = Effect of k th treatment = Tk  - Y 
 ij(k)   = Experimental error  associated with kth treatment in ith row and jth 

column.   They are assumed to be NID (0, 2) 
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Analysis of Variance 
 

Source 
 

DF 
Sum  of  Squares  

M.S. 
 
Cal. F Definition Working 

Row (t-1)  
 
 

 MSR= 
SSR/DF 

MSR/ 
MSE 

Column 
 

(t-1)  
 
 

 MSC = 
SSC/DF 

MSC/ 
MSE 

Treat. 
 
 

(t-1)   MST = 
SST/DF 

MST/ 
MSE 

Error (t-1) 
(t-2) 

 
 
 

       
       By Difference 

MSE or 
Se

2 = 
SSE/DF 

 

Total (t2-1)  
 
 

   

 
Standard error of mean : 
 
 
Where,   Se

2   =   Error M.S.        t  =   No. of treatments 
 
Critical difference at 5 % level of significance, CD0.05 = S Em x 2  x t0.05,ne 
 

C.V. % = 
Y
Se

2

x 100 

Advantages : 
 
(1)  It eliminates from the estimate of error the effect of  soil fertility variation in two 

directions. 
(2)  Gives  precision of higher rate to reduce standard error  to 2% of mean yield and 

some times 1%. 
(3) If the data from some of the units are lost,  Yate's missing plot technique can be 

used to utilize the available results.   
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Disadvantages : 
 

(1) The  main disadvantage is that it is being less flexible  in nature;  doesnot  
permit any other number of repetitions for any treatment. The number of 
replications has to be equal to the number of treatments. 

(2)   It  is not suitable when the number of treatments  are  less than  5  or more than 
12.  As in case of 4 x 4 latin  square sufficient error d.f. is not available and with 
more than 10 treatments large number of experimental units are required. 

(3) Analysis  becomes  very complicated when a large  number  of observations are 
missing. 

(4) If complete loss of data for a treatment (or row or column), increases the 
difficulty of analysis. 

 
Efficiency of Latin Square Design : 
 

As  we  know that in Randomized Block Design  the  source  of variation  are  
replication, treatment and error and that  of  in Latin Square Design are :rows, 
columns, treatments and error.  So far  calculating  the  efficiency of LSD over  RBD,  
we  have  to eliminate  either rows or columns and that value (d.f. and  S.S.) are 
directly added to error source and error ms is  recalculated. There  after by  using  
following  formulae   we  can   calculate the % Efficiency. 
 

Efficiency of latin square design as compared to RBD : 
 

% efficiency of latin square design as compared to RBD  when 
 

(i) rows are ignored and     (ii)     columns are ignored. 
 

(n1 + 1) (n2 + 3)  E2 
% efficiency   =   ----------------------  x  -----  x   100 

(n1 + 3) (n2 + 1)    E1 
 
Where, 
n1  =   Error df for LSD         n2  =   Error df for RBD 
E1  =   Error ms for LSD         E2  =   Error ms for RBD 
 

Case - I : 
 

If row classification had not been done i.e. if columns were treated as block, then  
estimate of error mean square in RBD (E2) 
 

  nr Er  + (nt + ne )Ee 
E2     =   ---------------------------- 

     nr  +  nt  +  ne 
 

Where,    nr, nt and  ne are the row, treatment and error df  (LSD) and Er  and 
Ee are the row and  error mean square (LSD). 
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Case - II : 
If column classification had not been done i.e. if rows were treated as block, then  
estimate of error mean square in RBD (E2) 
 

  nc Ec  + (nt + ne )Ee 
  E2      =   ------------------------------- 

      nc  +  nt  +  ne 
 
Where,  nc, nt and  ne are the column, treatment and error df  (LSD) and Ec  and Ee 

are the column and  error mean square (LSD). 
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MISSING VALUE IN LATIN SQUARE DESIGN 
 

One missing value 
The   procedure  is to first obtain the estimate  of  missing value x, by the formula, 
 

              t ( Ri + Cj + Tk) - 2G 
X =     ------------------------------ 

                  (t - 1) (t - 2) 
where, 

X   =  missing value 
t   =  number of treatments 
Ri  =  total  of available observations in the i th row containing missing value. 

Cj  =  total of available observations in the j  th column containing missing  
         value. 
Tk = total of available observations in the k th treatment containing missing  
        value. 
G   =  grand total of all available observations. 

 

The  estimated  missing  value  is  then  inserted  and  the analysis  is carried 
out according to the usual procedure  for  a latin square design except for subtracting 
1 df each from the  df for total SS and error SS. 
 

Bias correction : 
                                 [ G - Ri - Cj - (t-1) Tk ]2 
                               Upward bias =        --------------------------- 
                                               [(t-1) (t-2)]2 
 

Where, t     =  number of treatments 
Ri  =  total  of available observations in the i th row containing missing value. 

           Cj    =  total of available observations in the j  th column containing missing  
                       value. 
           Tk  = total of available observations in the k th treatment containing missing  

value. 
          G    =  grand total of all available observations. 
 

Standard  Errors  for  Testing  the  Significance  of  Difference between two 
Treatment Means. 
  

(a)  Standard error of the difference between two treatment means not 
involving the missing value. 

 

S.Ed.  =  tSe /2 2
 

 

Where,  S2
e  =   Error M.S. 

t    =   No. of replications for each treatment  on  the number of raws or 
columns. 
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(b)   Standard  error  of  the difference  between  two  treatment means of 
which one is a missing value. 

 
 

                        2              1 
SEd =     S2

e  [ ---   +   ---------------  ] 
                        t          (t - 1) (t - 2) 
 
Where,  S2e  = Error mean square and 

t     = Number of  replications for each treatment or the number of rows or 
columns. 

 
Two missing observations: 
 

In   this  case also the method of  iteration  suggested  by Yates  can  be  
used.  The procedure is  same  as  described  for randomized block design, except 
that X1 is computed from 
 
                 t( Ri + Cj + Tk ) - 2 G 

    X1    =      ------------------------------ 
                            (t - 1) (t - 2) 
 
Bias Correction : 
                                           [ G - Ri - Cj - (t - 1)Tx ]2 

Correction due to Y    =        ------------------------------- 
                                                  [ (t - 1) (t - 2)]2  
 
                                                     [ G - Ri - Cj - (t - 1)Ty ]2 

Correction due to X   =       ------------------------------- 
                                                    [ (t - 1) (t - 2)]2 
Where, 

t       =  number of treatments 
Ri    =  total  of available observations in the i th row containing missing  
           value. 
Cj    =  total of available observations in the j  th column containing missing  
           value. 

Ty & Tx =  total   of  available  observations  of  the treatment   for  missing  
value   Y  and   X respectively 

G     =  grand total of all available observations. 
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To find out effective number of replications, following procedure 
should be adopted. 
 
1 Consider the two treatments under comparison one by one. 
 

2   Examine the presence or absence of a given treatment and  its partner column-
wise or row-wise. 

 

3   Give  the score 1 for the treatment under a given  column  or row  when the    
     treatment is present and its partner is present within the row and column. 
 

4  The treatment is present but the partner is present either in a  row  or column but 
not  both give the  score   2/3.   If  a treatment is present but the partner is absent 
both in  row as well  as  column  give  the value   1/3.   Finally  when  the 
treatment itself is missing the value will be zero. 

 

5  Sum  of  the  scores  so  obtained  will  be  the  number  of replication of a given 
treatment for a given comparison. 
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TRANSFORMATION 
 

Data transformation is the most appropriate remedial measure for  variance 
heterogeneity where the variance and the  mean  are functionally  related. With  this 
technique, the  original  data are  converted into a new scale resulting in a new data  
that  is expected to satisfy the condition of homogeneity of variance. 

 

Heterogeneity  of error, may be classified as  irregular  or regular.   The  
irregular  type  is  characterized   by   certain treatments  possessing considerably 
more variability than  others with no necessarily apparent relation between means 
and  variance e.g.   entomological  experiments  where control is  one  of  the 
treatment.  Thus, the control units contribute to the error  mean square to  a greater 
degree than do the treated units. 

 

When  heterogeneity of error is of the irregular  type,  the best  procedure is to 
omit certain portion  of the data from  the analysis  or to subdivide the error mean 
square  into  components applicable to the various  comparisons of interest. 

 

The   regular type of heterogeneity usually arises from some of non normality 
in the data, the variability within the  several treatments   being  related  to  the  
treatment  means  in   some reasonable fashion. If the parent distribution is known, 
then the relation   between  the  treatment   means  and   the   treatment variances,  
computed on an individual treatment basis, is  known. The data can be transformed 
on a new scale of measurement so that the transformed data are approximately 
normally distributed. Such transformations are also intended to make the mean and  
variances independent, with the resulting variances homogeneous. 

 

The most common transformation   are  the  square   root, logarithm and 
angular or arcsine  transformation. 
 

SQUARE ROOT TRANSFORMATION 
 

Square   root  transformation   is  appropriate   for   data consisting of small 
whole numbers, for example, data obtained  in counting rare events, such as the 
number of infested plants in  a plot,  the number of insects caught in  traps, or the  
number  of weeds  per  plot.  For  the  data,  the  variance  tends  to   be proportional 
to the mean. 

 

The  square  root  transformation is  also  appropriate  for percentage data 
where the range is between 0 and 20 % or  between 80 and 100 % but not both. 
Percentages between 80 and 100  should be  subtracted  from 100 before the 
transformation is  made.  The same transformation is useful for percentages in the 
same  ranges where  the observations are clearly on a continuous scale,  since 
means and variances may be approximately equals. 
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If  most of the  values in the data set are small (e.g.  ½ less than 10), 
especially with zero  present ( X + 0.5) should be used instead of X , where X is the 
original data. 
 

The  appropriate  means for a table of treatment  means  are found  by  
squaring  the treatment means  computed  from  the   X values.  These will be lower 
than means of the original  data,  a situation roughly corrected by addition of the 
unconverted  error mean square to each. 
 

ARCSINE OR SIN INVERSE TRANSFORMATION 
 

An  arcsine or angular transformation is  appropriate  for data  on  proportions,  
data  obtained from  a  count,  and  data expressed  as  decimal  fractions  or  
percentages.   Note   that percentage  data  that  an  derived  from  count  data,  
such  as percentage barren tillers (which is derived from the ratio of the number  of  
non bearing tillers to the total number  of  tillers) should  be clearly distinguished from 
other types  of  percentage  data, such as percentage protein or percentage 
carbohydrate which are not derived from count data. 

 

The mechanics of data transformation are greatly facilitated by using a table 
of the arc sine transformation. The value of 0 % should  be substituted by 25/n and 
the value of 100 % by  (100  - 25/n),  where n is the number of units upon which the  
percentage data   was  based  (i.e.  the  denominator  used   in   computing 
percentage). 

 

The  following  rules may be useful in choosing  the  proper transformation 
scale for percentage data derived from count data. 
 

Rule-1 : For  percentage data lying within the range 30 to  70  % no transformation is 
needed. 

Rule-2 : For  percentage data lying within the range of either  0 to  20 % or 80 to 100 
% but not both,  the  square  root transformation should be used. 

Rule-3 : For   percentage  data  that do not  follow  the  ranges specified  in   either 
rule-1 or rule-2,  the  arc  sine transformation should be used. 

 
LOGARITHMIC TRANSFORMATION 
 

The logarithmic transformation is most appropriate for  data where the 
standard deviation is proportional to the mean or where the  effects are 
multiplicative. These conditions  are  generally found  in data that are whole numbers 
and  cover a wide range  of values.  Data on the number of insects per plot or the 
number  of egg  masses per plant (or per unit area) are typical example. 
 

To  transform a data set into the logarithmic scale,  simply take  logarithm of 
each and every component of the data  set.  If the data set involves small values 
(e.g. less than 10) log  (X+1) should  be  used instead of log X, where X is the  
original  data i.e. Add 1 to each number prior to taking logarithms. 
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 TEST FOR COMPARISON OF TWO MEANS 
 

In  experiments  involving  more than  two  treatments,  the resulting                    F  = 
treatment mean square/error mean  square  may  be larger  than the corresponding 
tabulated F value at a  previously chosen level of significance, say F .05. The experimenter 
lacking other   evidence,  then  rejects  the  Null  hypothesis  and   is confronted  with  the  
problem  of  deciding  which  means   are different ? Several tests  for making comparisons 
within a set  of means are available. They are as follows : 
 

(1)  The Lsd  test or the multiple t test 
(2)  Duncan's new multiple range test 

 
(1)  The lsd test or the multiple  t  test : 
 

A  commonly  used procedure for  comparing  the  differences among a set of means 
and for comparing each one of a set of means with the standard treatment, is the least 
significant differences or  LSD test. If F test shows significance at the five  per  cent level, the 
multiple t test is performed on the differences  among the treatment means. It can either be 
used for pre- planned independent comparison or to differentiate between two treatment 
mean. 
   
Procedure :  
 
Lsd  =  t 0.05, ne  x    2    x Sx 
 
Where,   t 0.05 , ne   = Table value of t (from the ‘t’ table at 5 % level of significance with      ne   

degree of freedom for error.  
                                                                               
              Sx = Standard error of mean   =      Error mean square / r 

  r  = number of observations per treatment 
 
Advantages  : 
 
 It is a most liberal method and easy to calculate.  Here  error rate is comparison wise, 
so we  can  differentiate   between preplanned independent means within an experiment. 
 
Limitations  
 
 When we will consider the extreme values  i.e. difference between highest and 
lowest in more than two treatments then the level of significance will increase i.e. instead  of  
5 % it will be more. 
  

It can be shown that with three treatments, the observed value  of t for greatest 
difference will exceed the tabulated 5 % level about 13 % of the time; with 6 treatments, 40 
% ; with 10 treatments 60 %; and with 20 treatments 90 %. 
 

Thus Lsd should not be used indiscriminately.   
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(2) Duncan’s New Multiple Range Test : 
 

In 1951 Duncan developed  a multiple comparison test to compare each 
treatment mean with ever other treatment means. The procedure consisted of three 
stages and where the number of treatments is 10 or more, one can be time 
consuming. In 1955 Duncan developed new multiple range test.  The new multiple 
range test which combines in one step the three stages of his previous multiple 
comparison range test, has strong appeal because of its simplicity. 

 
Procedure :  
 
(1) Rank all the treatment means in decreasing or increasing order. 
 
(2) Compute the Sd value  as 
                       
        Sd =   2 Error MS / r      
 
(3) Compute the (t-1) values of the shortest significance ranges as 

 
                            (rp)  (Sd) 

Rp  =                           for p = 2 , 3, ..., t 
                           2      
                                              where,  t    = the total number of treatments, 
                                                           Sd = standard error of difference  

 rp  = tabular values of the significant 
studentized ranges obtained from the 
table 

 p  =  distance in rank between pairs of 
treatment means to be compared.  

                                               
(4) Identify  and  group together all the treatment means that do not differ 

significantly from each other: 
 
A. Compute the difference between the largest treatment mean and the largest 

Rp value (the Rp value at p = t) and declare all treatment means whose 
values are less than the computed difference as significantly different from 
the largest treatment mean. 

B. Compute the difference between the second largest treatment mean and the 
second largest Rp value (the Rp value at p = t -1) and declare all treatment 
means whose values are less than this difference as significantly different 
from the second largest treatment mean. For m1 remaining treatment means 
whose values larger than or equal to the computed difference, compute its 
range and compare it with appropriate Rp value (R at p = m1). declare all 
treatments within the range not significantly different from each other if the 
range is smaller than the corresponding Rp value. 

C. Continue the process with the third largest treatment mean, then the fourth, 
and so on, until the treatment means have been properly compared. 

D. Present the test results in one of the following two following ways: 
1. Use the line notation if the sequence of the treatments in the  
     presentation of the results can be arranged according to their   
     ranks. 
2. Use the alphabet notation if the desired sequence of the treatments in  

the presentation of the results is not to be based on their ranks. 
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FACTORIAL CONCEPT IN EXPERIMENTATION 
 
          When  we  conduct  simple  experiments  involving   the testing  of variation in 
a single factor like different kinds  of  treatments of manures, various insecticides, 
cultural  treatments  etc.  Randomised Block or Completely Randomised Design  or  
Latin  Square  Design  can  be used freely.  But  in  practice  research  workers  have 
to deal with simultaneous variation in  more  than one factor. For instance, irrigation 
and dose of nitrogen,  Spray of  insecticides  at  different  point of  time  etc.  In  
simple  experiment one has to carryout the experiment with single  factor  at a time. 
In simple experiment, he may first vary the irrigation  levels  and adopt optimum 
level, he may proceed to find  out  the  optimum dose of nitrogen. Here it is known 
that both the  factors  do not have independent or additive effect but can interact  
with  each other. Here it can also be seen that optimum combinations of the   two  
can  not  be  discovered  by  conducting  two   simple experiments  in the above 
manner. The most effective approach  in investigating  the  effect  of the two  factors  
together  is  by comparing  in  one  and the same  experiment  with  all  possible 
combinations  of the levels of both the factors. The approach  is known as the 
"Factorial Concept". 
 
     When we conduct factorial experiment we may come across with term simple 
effect - main effect and interaction effect.  
 
     Suppose  in 22 experiment, we have Nitrogen  and  Phosphorus factors each at 
two levels. 
 
Nitrogen   :   n0 and n1        Phosphorus :   p0 and p1 
 

Nitrogen 
Phosphorus 

n0 n1 (n1 - n0) 

p0 n0p0   (10) n1p0    (15) 5 

p1 n0p1  (13) n1p1  (20) 7 

(p1-p0) 3 5  

 
Simple effect : 
 
          The difference in the responses between two consecutive levels  of a given 
factor at particular level or combinations  of levels of the other factors.  
e.g. In the above illustration : 
 

Simple effect of N at p0 level of P is = n1 - n0 = 15 - 10 = 5 
Simple effect of P at n0 level of N is = p1 - p0 = 13 - 10 = 3 
Simple effect of N at p1 level of P is = n1 - n0 = 20 - 13 = 7 
Simple effect of P at n1 level of N is = p1 - p0 = 20 - 15 = 5 

 
Average/Main/Mean effect  : It is an average of simple effects. 

Average effect of N = 5 + 7 / 2 = 6 
Average effect of P = 3 + 5 / 2 = 4 
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Interaction  effect  : It is the failure of simple effects  of  a given   factor  to  remain  
consistent   at  various   levels   or combinations  of levels of the other 
factor(s). 

 
Simple effect of N at p0 level of is n1 - n0 = 5 and 
Simple effect of P at n0 level of is p1 - p0 = 3 

 
Also n0p0 ------> Control 

 
Now control + Simple effect of N at p0 level + Simple effect  of P at n0 level. 

=    n0p0  + p0 (n1-n0) + n0 (p1 - p0) 
=    10 + 3 + 5 
=    18 
=    n1p1 

 
but actually it is   20,   so the difference of 20 - 18 = 2 is due   to  interaction     
between N and P.  
 

In  22 factorial experiment the interaction effect  can  be calculated  by  taking  
half of the difference  between  the  two simple effects of a given factor. e.g. (7-5)/2 = 
1. 
 
      The  interaction may be positive or negative and  depending upon this the 
interpretation can be drawn. 
 
 
Advantages of factorial experiments:  
 
(1)  It  is  the  factorial experiment alone  which  can  furnish information  regarding 

the interaction between  the  various  factors under study. 
 
(2)  Another  attractive  feature  is  comprehensiveness  of  the conclusions  drawn  

from it when more than  one  factor  are under  study the factorial approach is 
the most  informative and the most efficient method of experimentation. 

 
Such experiment can be conducted in CRD, RBD, LSD,  SPD or Strip Plot 

Design depending upon the situation. 
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FACTORIAL EXPERIMENTS IN CRD 
 
      In CRD, RBD and latin square design a single factor is tested at varying levels. 
e.g. varietal trial or a trial consisting of nitrogen levels may be called as simple 
experiments. However, when several factors are  investigated in  a single experiment 
is called as factorial experiment. It may be conducted in CRD, RBD and Latin square 
design. This experiments provides information on individual factors and interaction 
effect between the factors. 
 
 
Staistical Model : 

YijK  =   +  Aj  +  + Bk  + (AB)jk + ijk 
 

                               where,  i = 1,2, ...,r      j = 1,2, ...,v      k = 1,2, ...,n 
 
 
ANALYSIS OF VARIANCE TABLE  
 
 

Source D.F. S. S. M. S. Cal F 
Factor                
   A 

( a – 1)  Y2
.j.    _  ( ( Yijk )2 /rab ) = C                      

     r b 

    
 SS/DF = 
    MS(a) 

 
MSA/ 
MSE 
 

Factor  
   B 

(b – 1)  Y2
..k    _    ( Yijk )2 /rab                        

        r a 

SS/DF = 
    MS(b) 

 
MSB/ 
MSE 
 

A x B (a-1) 
(b-1)  Y2

.jk    _       Y2
.j.    _     Y2

..k   + C 
          r                      r b                     r a 
 
 

SS/DF 
= MS(ab) 

MS 
(AxB)/ 
MSE 
 

Error  ab (r-1)  
 

By difference SS/DF = 
MSE 
 
 

 
 

Total (abr –1)  Y2
ijk  -   C 
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FACTORIAL EXPERIMENTS IN RBD 
 

       Statistical Model : 
Yij(K)  =   + Ri  + Aj  +  Bk  + (AB)jk + ijk 

 

Where,  i = 1,2, ...,r      j = 1,2, ...,a      k = 1,2, ...,b  
 
 

ANALYSIS OF VARIANCE TABLE : 
 

Source D.F. S. S. M. S. Cal F 
Repli.  (r – 1) 

rab

Y

ab

Y
ijk

ijk
i

i 


22 )(..
 

    
 SS/DF = 
    MS(R) 

 
  MSR/ 
MSE(a) 

Factor                
   A 

( a – 1)  Y2
.j.    _    C 

     r b 

    
 SS/DF = 
    MS(A) 

 
MSA/ 
MSE(a) 

Factor  
   B 

(b – 1)  Y2
..k    _    C 

        r a 

SS/DF = 
    MS(B) 

 
MSB/ 
MSE(b) 

A x B (a-1) 
(b-1)  Y2

.jk    _       Y2
.j.    _     Y2

..k   + C 
          r                      r b                     r a 
 

SS/DF 
= 
MS(AB) 

MS 
(AxB)/ 
MSE(b) 

Error  a (r-1)  
(b-1) 

Total SS – Rest of all the SS SS/DF = 
MSE(b) 

 

Total rab –1  Y2
ijk  -   C 
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SPLIT PLOT DESIGN            

          Split  plot  design  is frequently used  for  factorial experiments.  Such  design  
may incorporate one or  more  of  the completely  random,  randomized complete 
block  or  latin  square designs. The underlying principle is "whole plots or whole 
units, to  which levels of one or more factors are applied, are  divided into  sub-plots  
or  sub units to which levels  of  one  or  more additional  factors are applied. Thus, 
each whole unit becomes  a block for the sub unit treatments.  
 
          With  a  split  plot  design,  the  precision  for  the measurement of the effect of 
the main plot factor is sacrificed to improve  that  of the sub-plot factor. Measurement  
of  the  main effect  of the sub-plot factor and its interaction with the  main plot  factor  
is  more  precise  than  that  obtainable  with   a randomized block design. On the 
other hand the measurement of the effect  of the main plot treatments (i.e. the levels 
of the  main plot  factor)  is  less  precise  than  that  obtainable  with  a randomized  
block design.  
 

This design is desirable in the following situation.  
 

(1)  It may be used when the treatment associated with the levels of   one  or more of 
the factors required larger  amount  of experimental  material  in  an  
experimental  unit  than the treatments for other factors e.g. in a field 
experiment, one of  the  factors could be methods of  land  preparation   or 
application of  a irrigation, both usually  requiring  large experimental  units  or  
plots. The other  factor  could  be varieties,  which  can  be  compared  using  
smaller  plots. Another  example is the experiment designed to  compare  the 
keeping  qualities of ice cream made from different formulas and stored at 
different temperatures. 

 

(2)  The  design may be used when an additional factor is  to  be incorporated  in  an 
experiment to increase  its  scope. For example,  the major  purpose of an 
experiment is to  compare the effect  of several  fungicides  as  Protestants  
against infection  from a disease, to  increase  the  scope   of the experiment,  
several   varieties  are   included  which  are known  to differ in their resistance to 
the  disease.  Here, the varieties could be arranged in whole units and the  seed 
Protestants in sub-units. 

 

(3)  When  treatment  combinations for the  factors  where  large differences are 
expected could be assigned at random to  the whole units as a matter of 
convenience. 

 

Randomization and layout 
 

         There  are  two separate randomization processes  in  a split  plot  design, one 
for the main plot and  another  for  sub plot.  In  each  replication,  main  plot  
treatments  are  first randomly  assigned  to  the  main  plots  followed  by  a  random 
assignment of the sub plot treatments within  each main plot.  
 
STEP-1    Divide the  experimental area into "r" blocks, each  of which is further  

divided into "a" main plots. 
STEP-2    Randomise  the  main  plot  treatment  levels  in  each replication 

separately.  
STEP-3   Divide  each `r' into `a' main plots and each `a'  main plot into `b' subplots 

and   randomly assign the  subplot factor levels in each subplot. 
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      Statistical Model : 
 

Yij(K)  =   + Ri   + Aj  + ij  + Bk  + (AB)jk + ijk 
 

Where,  i = 1,2, ...,r      j = 1,2, ...,a      k = 1,2, ...,b  
 

 
ANALYSIS OF VARIANCE TABLE : 
 

Source D.F. S. S. M. S. Cal F 
Repli.  (r – 1) 

rab

Y

ab

Y
ijk

ijk
i

i 


22 )(..
 

    
 SS/DF = 
    MS(R) 

 
  MSR/ 
MSE(a) 

Factor                
   A 

( a – 1)  Y2
.j.    _    C 

     r b 

    
 SS/DF = 
    MS(A) 

 
MSA/ 
MSE(a) 

Error (a) ( r - 1) 
(a – 1)  Y2

i.j    _       Y2
i..    _     Y2

.j.   + C 
          b                    a b           

 
SS(A)/DF 
= MSE(a) 

 

Factor  
   B 

(b – 1)  Y2
..k    _    C 

        r a 

SS/DF = 
    MS(B) 

MSB/ 
MSE(b) 

A x B (a-1) 
(b-1)  Y2

.jk    _       Y2
.j.    _     Y2

..k   + C 
          r                      r b                     r a 

SS/DF 
= 
MS(AB) 

MS 
(AxB)/ 
MSE(b) 

Error (b) a (r-1)  
(b-1) 

By difference SS/DF = 
MSE(b) 

 

Total rab –1  Y2
ijk  -   C 

  

 

Calculations of standard errors for split plot design 
 
Difference between  Measured as Example Standard error of difference 

Two A means ai – aj a1 – a2  
  2Ea / r b 
 

Two B means bi – bj b1 – b2  
  2Eb / r a 
 

Two B means at the 
same level of A 

ai bj – aj bk a1b1 – a1b2  
  2Eb / r 
 

Two A means at the  
1. Same level of B 
2. Different levels 

of B (any two 
treatment 
means) 

 
ai bj – ak bj 
ai bj – ak bi 

 

 
a1b1 – a2b1 
a1b2 – a2b1 

 
  2[ (b – 1) Eb  + Ea/ r b] 
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Advantages  
 

 
(1)  In  a split plot design the effects of sub  plot  treatments and  the interactions with 

main plot treatments  are  tested with   more  precision  than  the  effects  of   
main   plot treatments. 

 

 
(2) This  design is more convenient to handle  for  agricultural operations. When 

treatments like irrigation, tillage, sowing dates and  other  cultural  operations  
are  involved  these cultural treatments may be allotted in the main plots. 

 

 
(3)  Due  to combination of factors in the same experiments  very little extra cost is 

involved in this design. The same would cost  more if separate experiments are 
to be  conducted  for each factors. 

 
(4)  It  saves  the  experimental area and  resources  which  are devoted to the 

border rows in main plot only.  
 

 
Disadvantage :  
 

 
(1)  We loose the precision for main plot treatments and gain  in precision in sub plot 

treatments. 
 
(2)  With  the  limitation of experimental area, more  often  the degrees of freedom for 

error(a) will not be up to its minimum requirements i.e. 12. 
 
(3)  When missing plots occur, the analysis is more complicated. 
 
Efficiency over RBD : 
 
     The split plot design does not result in an average increase in  accuracy over 

randomised block design. The  randomised  block error  would  infect be given by 

summing the sum of  squares  and degree  of freedom for error (a) and error (b). The 

effect is  to split the randomised block error into two parts, error (a)  which is  larger  

than the RBD on the average and error  (b)  which  is smaller. 
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STRIP PLOT DESIGN 
 

          The  Strip  Plot Design is specially suited for  a  two factor  experiment in 
which the desired precision  for  measuring the  interaction  effect between the two 
factors is  higher  than that  for  measuring  the main effect of either one  of  the  two 
factors. Also this design is followed in situations when both the sets of treatments 
require large plots. For example experiment on spacing  and  ploughing  treatments.  
The  cultural   convenience demands  for larger plots. Strip of ploughing can be had  
in  one direction  and  the  spacing strip can be laid  out  across  the ploughing  strips 
at right angles. This is accomplished with  the use of three plot sizes. 
 

(1) Vertical strip plot for the first factor, the vertical factor.  
 
(2) Horizontal strip plot for the second factor, the  horizontal   factor. 
 
(3) Interaction plot for the interaction between the two factors. 
 
          The vertical strip plot and the horizontal strip  plots  are  always  perpendicular 
to each other. However, there  is   no  relationship  between their sizes, unlike the 
case of  main  plot  and  subplot of the split plot design. The interaction  plot  is,  
ofcourse, the smallest.  Thus, in a strip plot design, the degree of precision 
associated with the main effects of both factors are  sacrificed  in order to improve 
the precision of the  interaction  effect.  
 
RANDOMIZATION AND LAYOUT : 
 
STEP-1  Assign  horizontal  plots by  dividing  the  experimental  area   into `r' blocks 

and  dividing each of  those  into `a'   horizontal  strips. Follow the   
randomization    procedure  as in case of  RBD  and randomly   assign  the  
number of levels of first factor to the horizontal strips  in  each  of the  `r'    
blocks,    separately   and   independently. 

 
STEP-2   Assign  vertical  plots by dividing each block into  `b' vertical  strips. Follow 

the randomization procedure for a  RBD   with `b' treatments and  `r'  
replications  and   randomly   assign  the `b' levels to  the  `b'  vertical  strips    
in   each  of  the   blocks   separately   and     independently.  

 

 
Statistical Model : 
 

Yijk =  + Ri + Aj +ij + Bk +  ik  + (AB)jk + ijk 
 
 

Where,  i = 1,2, ...,r      j = 1,2, ...,a      k = 1,2, ...,b  
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ANALYSIS OF VARIANCE TABLE 
 

Source D.F. S.S M.S. Cal F 
Repli.  (r – 1) 

rab

Y

ab

Y
ijk

ijk
i

i 


22 )(..
  = C 

    
 SS/DF = MS(R) 

 
  MSR/ 
MSE(a) 

Factor                
   A 

( a – 1)  Y2
.j.    _    C 

        r b 

    
 SS/DF = MS(A) 

 
MSA/ 
MSE(a) 

 Error(a) ( r - 1) 
(a – 1)  Y2

ij.    _      C   -  SS (R)  - SS (A) 

          b  
           

 
SS(A)/DF = 
MSE(a) 

 

Factor  
   B 
 

(b – 1)  Y2
..k    _    C 

        r a 

SS/DF =  MS(B)  
MSB/ 
MSE(b) 

Error (b) (r – 1) 
(b – 1)  Y2

I.k    _    C  -  SS(R) -  SS (B)   
        a  

SS/DF =MSE(b)  

A x B (a-1) 
(b-1)  Y2

.jk    _      C  -  SS(A)  -  SS (B) 
          r  
 

SS/DF 
= MS(AB) 

MS(AxB)/ 
MSE(c) 

Error (c)  (r-1)  
(a-1) 
(b-1) 

                By difference SS/DF =MSE(c)  

Total  rab - 1  Y2
ijk  -   C 
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COVARIANCE ANALYSIS 
 

On the premise that the various biophysical features of an experimental plot do not 
behave independently but are often functionally related to each other, the analysis of 
covariance simultaneously examines the variances and covariances among selected 
variables such that the treatment effect on the character of primary interest is-more 
accurately characterized than by use of analysis of variance only. 
 

Analysis of covariance requires measurement of the character of primary interest 
plus the measurement of one or more variables known as covariates. It also requires that 
the functional relationship of the covariates with the character of primary interest is known 
beforehand. 
 

Consider the case of a rice variety trial in which weed incidence is used as a 
covariate. With a known functional relationship between weed incidence and grain yield, the 
character of primary interest, the covariance analysis can adjust   grain yield in each plot to 
a common level of weed incidence. With this adjustment, the variation in yield due to weed 
incidence is quantified and effectively separated from that due to varietal difference. 

 

Covariance analysis can be applied to any number of covariates and to any type of 
functional relationship between variables. In this chapter, we deal primarily with the case of 
a single covariate whose relationship to the character of primary interest is linear. Although 
this limited focus greatly simplifies our discussion, we do not expect it to unduly reduce the 
applicability of the procedures because the condition of a single covariate with a linear 
relationship to the primary variable is adequate for most agricultural research. 
 

Uses of Covariance Analysis In Agricultural Research 
 

1. To control the experimental error and to adjusttreatment means. 
2. To estimate missing data. 
3. To aid in the interpretation of experimental results. 
4. To throw light on the nature of treatment effects. 
5. To fit regression in multiple classification. 

 
1. Error Control and Adjustment of Treatment Means 

The size of experimental error is closely related to the variability between 
experimental units. Proper blocking can reduce experimental error by maximizing the 
differences between blocks and thus minimizing differences within blocks. Blocking, 
however, cannot cope with certain types of variability such as spotty soil heterogeneity and 
unpredictable insect incidence. In both instances, heterogeneity between experimental plots 
does not follow a definite pattern, which causes difficulty in getting maximum differences 
between blocks. Indeed, blocking is ineffective in the case of non- uniform insect incidences 
because blocking must be done before the incidence occurs. Furthermore, even though it is 
true that a researcher may have some information on the probable path or direction of 
insect movement, unless the direction of insect movement coincides with the soil fertility 
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gradient, the choice of whether soil heterogeneity or insect incidence should be the criterion 
for blocking is difficult. The choice is especially difficult if both sources of variation have 
about the same importance. Use of covariance analysis should be considered in 
experiments in which blocking cannot adequately reduce the experimental error. By 
measuring an additional variable (i.e., covariate X) that is known to be linearly related to the 
primary variable Y, the source of variation associated with the covariate can be deducted 
from experimental error. With that done, the primary variable y can be adjusted linearly 
upward or downward, depending on the relative size of its respective covariate. The 
adjustment accomplishes two important improvements: 

 

1. The treatment mean is adjusted to a value that it would have had, there had been no 
differences in the values of the covariate. 

2. The experimental error is reduced and the precision for comparing treatment means 
is increased. 

  

 Although blocking and covariance technique are both used to reduce experimental 
error, the differences between the two techniques are such that they are usually not 
interchangeable. The analysis of covariance, for example, can be used only when the 
covariate representing the heterogeneity between experimental units can be measured 
quantitatively. However, that is not a necessary condition for blocking. In addition, because 
blocking is done before the start of the experiment, it can be used only to cope with sources 
of variation that are known or predictable. Analysis of covariance, on the other hand, can 
take care of unexpected sources of variation that occur during the experiment. Thus, 
covariance analysis is useful as a supplementary procedure to take care of sources of 
variation that cannot be accounted for by blocking. 
 

 When covariance analysis is used for error control and adjustment of treatment 
means, the covariate must not be affected by the treatments being tested. Otherwise, the 
adjustment removes both the variation due to experimental error and that due to treatment 
effects. A good example of covariates thatare free of treatment effects are those that are 
measured before the treatments are applied, such as soil analysis and residual effects of 
treatments applied in past experiments. In other cases, care must be exercised to ensure 
that the covariates defined are not affected by the treatments being tested.  

 

2. Estimation of Missing Data 
 

The standard analysis of variance procedure is not directly applicable to data with 
one or more missing observations. The most commonly used procedure for handling 
missing data is the missing data formula technique, in which the standard analysis of 
variance is performed after the missing data is estimated. Covariance analysis offers an 
alternative to the missing data formula technique. It is applicable to any number of missing 
data. One covariate is assigned to each missing observation. The technique prescribes an 
appropriate set of values for each covariate. 
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3. Interpretation of Experimental Results 
 

The covariance technique can assist in the interpretation and characterization of the 
treatment effects on the primary character of interest Y, in much the same way that the 
regression and correlation analysis is used. By examining the primary character of interest y 
together with other characters whose functional relationships to Y are known, the biological 
processes governing the treatment effects on Y can be characterized more clearly.  

 

4. To throw light on the nature of treatment effects. 
 In the analysis of covariance if the treatment effects on Y disappear after the 
covariance adjustment for the differences in the auxiliary variate X.It suggests that the 
treatment effects on Y which were observed significant,were only the reflection of the 
difference produced on the auxiliary variate. 
 

5. To fit regression in multiple classification. 
 By this technique we can  

i. fit a separate regression of Y on X within class. 
ii. test whether the slopes or positions of lines differ from class to class. 
iii. make a combined estimated slope, if possible. 

 

Computational Procedures 
Covariance analysis is essentially an extension of the analysis of variance and, 

hence, all the assumptions for a valid analysis of variance apply. In addition, the covariance 
analysis requires that the relationship between the primary character of interest y and the 
covariate X is linear. This linear relationship, or more specifically the linear regression 
coefficient, remains constant over other known sources of variation such as treatments and 
blocks. The most important task in the application of covariance analysis is the identification 
of the covariate, a task influenced greatly by the purpose for which the technique-is applied. 
Once the values of the covariate are assigned, the computational procedures are the same 
regardless of the type of application. However, because of the unique nature of the 
covariate assigned in the case of missing data, some of the standard procedures can be 
simplified. We illustrate computational procedures for error control and for estimation of 
missing data. 
 

Error Control 
The data required for the use of covariance technique for error control are the paired 

observations (X, Y) measured on each and all experimental units, where X refers to the 
covariate and Y to the primary character of interest. The covariate should represent the 
particular source of variation that the analysis aims to control and must satisfy the 
requirement that the covariate is not affected by treatments. The computational procedure 
varies somewhat with the experimental design used. 
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Analysis of co-variance in Completely Randomized Design  
 
STEP 1. Compute the various sums of squares for each of the two variables following the 

standard analysis of variance procedure for a CRD, for the X variable and for Y 
variable. 

STEP 2. With r as the number of replications and t as the number of treatments, compute 
the sum of cross products (SCP) for each source of variation as: 

 
Compute the correction factor as: 

퐶퐹 =
퐺 퐺
푟푡  

 Where Gx is the grand total of the X variable and Gy, the grand total of the Y 
variable. 

Compute the total sum of cross products as: 
 푇표푡푎푙	푆퐶푃 = ∑ ∑ 푋 푌 − 퐶퐹 
 Where Yij is the value of the Y variable for the ith treatment and the jth replication, 

and Xjj is the corresponding value of the X variable.  
Compute the treatment sum of cross products as: 
 푇푟푒푎푡푚푒푛푡	푆퐶푃 = ∑ . . − 퐶퐹 
 Where ,xi. and yi. are the treatment totals of the X variable and the Y  variable and 

the summation is over the  ‘r’ repetitions.  
Compute the error sum of cross products, by subtraction, as: 
 Error SCP = Total SCP -Treatment SCP 
 
STEP 3. For each source of variation, compute the adjusted sum of squares of the Y 

variable as: 
 Total adjusted SS of Y = Total SS of Y - (Total SCP)2/Total SS of X 
           Error adjusted SS of Y = Error SS of Y – (Error SCP)2/Error SS of X 
 Treatment adj. SS of Y = Total adj. SS of Y- Error adj. SS of Y. 
Analysis of Covariance 
Source of variation df Sum of Cross 

Products 
Adjdf Y Adjusted for X 

XX XY YY SS MS F 
Treatment (t-1)    (t-1)    
Error t(r-1)    Error d .f. -1    
Treat. Adj.     Total  d.f.-1    

STEP 4. For each adj. SS computed in Step 3, compute the corresponding degreeof 
freedom 

               Adjusted error d .f             =    Error d .f. -1 
              Adjusted total d.f.     =    Total d.f.-1 
             Adjusted treatment d.f.    =  Treatment d.f. 
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STEP 5. Compute the adjusted mean squares of Y for treatment and adjusted error 
              Treat. Adj. MS of Y = (Treat. Adj. SS of Y) / (Adj. treatment d.f.) 
               Error  of Y  =  (Error adjusted SS of Y) / (Adjusted error d. f.)  
STEP 6. Compute the F value as 
                F = (Treatment adjusted MS of Y) / (Error adjusted MS of Y) 
STEP 7. Compare the computed F value to the tabular F values with f1 = adjusted treatment 

d.f. and f2 = adjusted error d.f. 
STEP 8. Compute the relative efficiency of covariance analysis compared to the standard 

analysis of variance as 
 R.E. = (l00)(Error MS of Y) /((Error adj MS of Y)  ( 1 + Treat MS of X/ Error SS of X) 
STEP 9. Compute the coefficient of variation as: 

퐶푉% =
퐸푟푟표푟	푎푑푗.푀푆	표푓	푌

퐺푀	표푓	푌 × 100 

STEP 10. Compute the error regression coefficient as byx  = Error SCP/ Error SS of X 
STEP 11. Compute the adjusted treatment means as: 

푌′ = 푌 − 푏 (푋 − 푋..) 
                        _         _  
           Where Yi’ and Yi are the adjusted and unadjusted means of the Y variable for the ith 

treatment, Xi is the mean of the X variable for the ith treatment, and X is   the   
grand mean of the X variable. 

STEP 12. Test the significance of the differences between the adjusted treatment means. 
To make a pair comparisons, compute the standard error of the mean difference 
for a pair consisting of the ith and jth treatments as: 

푆.퐸. 푑. = 퐸푟푟표푟	퐴푑푗.푀푆
2
푟 +

푋 − 푋
퐸푟푟표푟	푆푆	표푓	푋  

         _  _  
Where Xi and Xj are the means of X variable for the ith and jth treatments, and r is the 

number of replications which is common to both treatments. In some 
specific situations, this equation should be modified as: 

푆.퐸. 푑. =
2(퐸푟푟표푟	퐴푑푗.푀푆)

푟 1 +
푇푟푒푎푡. 푆푆	표푓	푋

(푡 − 1)(퐸푟푟표푟	푆푆	표푓	푋)  

Where ‘t’ is the total number of treatments. With this modification, only one Sd value 
is needed for any and all pairs of means being compared. 

Thus, to compare the adjusted means of any two treatments the LSD values may be 
computed as  
   LSD =  t(=0.05)(adj.edf) x S.E. d. 
 
 Where ‘t’  is the tabular t with the adjusted error d.f. and  at    level  of significance.  
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Analysis of co variance in Randomized Block Design  
 
STEP 1. Compute the various sums of squares for each of the two variables, following the 

standard analysis of variance procedure for a RCB design. 
STEP 2. With r as the number of replications and t the number of treatments, compute the 

correction factor, total SCP, treatment SCP as same as CRD. Then, compute the 
replication SCP and error SCP as: 

 
              Replication SCP =   BxBy / t  -  CF 
              Error SCP = Total SCP -Treatment SCP -Replication SCP 
Analysis of Covariance 
Source of 
variation 

Degree of 
freedom 

Sums of products 
of 

Degree of 
freedom 

Adjusted  y2 MS   

XX XY YY  
 
 
 
Eyy– (Exy)2/ Exx 

Syy– (Sxy)2/ Sxx 

 
 
 
 
S2

yx 

Total rt –1  x2 xy y2  
Replication r  - 1 Rxx Rxy Ryy  
Treatment t  - 1 Txx Txy Yyy  
Error (r –1) (t – 1) Exx Exy Eyy (r-1) (t – 1) - 1 
Treat.+error r(t –1) Sxx Sxy Syy r( t –1) – 1 
Treatment 
Adjusted 

     t – 1 [Syy– (Sxy)2/ Sxx] – 
[Eyy– (Exy)2/ Exx] 

 

 Where Bx and Byare the replication totals of the X variable and the Y variable, and 
the summation is over the r replications. 
 
STEP 3. Compute the error adjusted SS of Y 
STEP 4. Compute the (treatment + error) adjusted SS of Y as: 
              (Treatment + error) adj. SS of Y = A – C2 / B  
 Where: 
               A = (Treatment + error) SS of Y  = Treatment SS of Y + Error SS of Y 
               B = (Treatment + error) SS of X  = Treatment SS of X + Error SS of X 
               C = (Treatment + error) SCP       = Treatment SCP + Error SCP 
 
STEP 5. Using the results of Steps 3 and 4, compute the treatment adjusted SS of Y  
 Treat. adj SS of Y = (Treat. + error) adj. SS of Y - Error adj. SS of Y 
STEP 6. For each adjusted SS computed in steps 3 to 5, compute the corresponding 

degree of freedom  
              Adjusted error d.f.= Error d .f.-1 
Adjusted(treatment + error) d.f. = Treatment d.f.+ Error d.f.- 1 
              Adjusted treatment d.f. = Treatment d.f. 
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STEP 7. Compute the treatment adjusted mean square of Y and the error adjusted mean 
square of Y as: 

             Treat adj MS of Y = Treat adjusted SS of Y / Adj treatment d.f. 
               Error adj. MS of Y =   Error adjusted SS of Y / Adj error d.f. 
STEP 8. Compute the F value as: 
                 F = Treat. Adj. MS of Y / Error adjusted MS of Y 
STEP 9. Compare the computed F value to the tabular F values, from table with f1= 

adjusted treatment d.f. and f2 = adjusted error d.f. 
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Analysis of co variance in Factorial Experiments  
 
Step 1.  Carry out the analysis of X  and Y variables as : 
 (a)  C.F = (Gx)2 / rt 
 (b) Total SS  = Xij

2   - CF 
 (c) Repli SS =    R2/ t   - CF 
 (d ) Treat SS =   Ti

2 / r – CF 
 (e) Error SS = Total SS – RSS – TSS 

Step 2. Prepare two way table for various factors to work out SS of different mainand 
interaction effects following standard procedure of analysis. 

Step 3. Carryout analysis of XY as 
 t   r 
 (a) Total SCP =   (Xij)(Yij) - C.F. 
                      I=1 j = 1 
 (b) Treatment SCP =     (Tx) (Ty) / ( r ) -    C.F. 
 
Where Tx and Ty are the treatment totals of the X variable and the Y variable, and the 

summation is over the  ‘t’ treatments.  
 
 (c) Repli. SS =  (Rx) (Ry) / ( t ) -    C.F 
 
 (d) Error SCP = Total SCP – Rep SCP - Treatment SCP 
 
Step 4. Partition the treatment SP to calculate various SP of main and interaction effects. 
ANCOVA  

Source of 
variation 

Degree of 
freedom 

Sums of 
products 

Degree of 
freedom 

Adjusted  y2 MS 

x2 xy y2  
 
 
 
Eyy– (Exy)2/ Exx 

Syy– (Sxy)2/ Sxx 

 
[Syy– (Sxy)2/ Sxx] 
– [Eyy– (Exy)2/ 
Exx] 

 
 
 
 
S2

yx 

Total rt –1  x2 xy y2  
Replication r  - 1 Rxx Rxy Ryy  
Treatment t  - 1 Txx Txy Yyy  

A (a –1) A    
      
      
      
Error (r –1) (t – 1) Exx Exy Eyy (r-1) (t – 1) - 1 
Treat.+ 
error 

r ( t –1) Sxx Sxy Syy r ( t –1) – 1 

Treatment  
Adjusted. 

     t – 1 

 



 

UNIFORMITY TRIAL - SIZE AND SHAPE OF PLOT 
 

Krishan Lal 
I.A.S.R.I., Library Avenue, New Delhi - 11 0012 

 
In agricultural experimentation every research worker is interested in ascertaining the 
relative worth of a set of treatments with reasonable confidence. The simple procedure of 
trying these treatments each in a different field or plot does not seem to adequate to 
ascertain their relative worth with reasonable confidence. For even after discovering from 
such a trail that some treatments have given a better performance than others the 
experimenter is left wondering whether the differences observed are due to treatments, to 
inherent fertility differences in the soil or some other accidental factors. Ideally the 
research worker would like to try the treatments under identical conditions but even with 
the most uniform land that he can select, he finds that the inherent variation in the soil is 
quite considerable and the simple procedure of trying out different treatments on single 
plots side by side in the same field does not suffice for assessing the intrinsic worth of the 
treatments. A good idea of the nature and extent of fertility variation in land can be 
obtained from the results of what are known as uniformity trials. In other words 
uniformity trial is planned to determine suitable size and shape of the plot and the number 
of plots in a block.  
 
Uniformity trial involves growing a particular crop on a field or piece of land with 
uniform conditions. All sources of variation except that due to a native soil differences, 
are kept constant. At the time of harvest the entire field is divided into smaller units of 
same size and shape and the produce from each such units is recorded separately. The 
smallest the basic units, the more detailed is the measurement of soil heterogeneity. In the 
past, large number of research workers has attempted to study the soil fertility variation 
through various methods. Some of the methods for soil fertility variation/plot size are 
given below: 

1.  Fertility Contour Map 
An approach to describe the heterogeneity of land is to construct the fertility contour 
map.  This is constructed by taking the moving averages of yields of unit plots and 
demarcating the regions of same fertility by considering those areas, which have yield of 
same magnitude.  This approach of describing the variation in fertility has been adopted 
by large number of workers in India and abroad.  

2. Maximum Curvature Method 
In this method basic units of uniformity trials are combined to form new units. The new 
units are formed by combining columns, rows or both. Combination of columns and rows 
be done in such a way that no columns or rows is left out. For each set of units, the 
coefficient of variation (CV) is computed. A curve is plotted by taking the plot size (in 
terms of basic units) on X-axis and the CV values on the Y-axis of graph sheet. The point 
at which the curve takes a turn, i.e., the point of maximum curvature is located by 
inspection. The value corresponding to the point of maximum curvature will be optimum 
plot size. 
 



Uniformity Trials 

Harris (1915, 1920) has shown that adjacent areas are correlated, as such the hypothesis 
of no correlation is not tenable.  He utilizes these criteria for subdividing the field into 
uniform areas.  He suggested use of intra-class correlation as a measure of heterogeneity.  
If this correlation coefficient is in the neighbourhood of zero then field could be 
considered as homogenous field and whatever plot size is adopted, it will not lead to a 
large experimental error.  These correlation coefficients do not give any idea of plot size. 
 
3.  Fairfield Smith’s Variance Law   
Keeping in view of drawbacks of various methods given above, Smith (1938) gave a 
empirical relations between variance and plot size. He developed an empirical model 
representing the relationship between plot size and variance of mean per plot. This model 
is given by the equation   

  
x

V
 = V b

1
x or log Vx = log V1 - b log x. 

where x is number of basic units in a plot, Vx is the variance of mean per plot of x units, 
V1 is the variance of mean per plot of one unit, and b is the characteristics of soil and 
measure of correlation among contiguous units if  b=1,   

x
V = V 1

x and the units making up 

the plots of x unit are not correlated at all. On the other hand, if b=0, the x units are 
perfectly correlated and Vx = V1 so there is no gain due to the larger size of plot. In 
general, b will be between 0 and 1 so that the larger plot gives more information with the 
same number of plots.  In that case, larger area for the purpose of experiment will be 
used. The values of V1 and b are determined by the principle of least squares. 
 
Example: 
Table-1 Grain yield (g/m2) of Rice Variety IR8 from Uniformity Test covering an 
area 18x 36 m. 
    Column     
Row 1 2 3 4 5 6 7 8 
1 842 844 808 822 979 954 965 906 
2 803 841 870 970 943 914 916 836 
3 773 782 860 822 932 971 765 875 
4 912 887 815 937 844 661 841 844 
5 874 792 803 793 818 799 767 855 
6 908 875 899 788 867 790 831 757 
7 875 907 921 963 875 880 898 802 
8 891 928 871 875 865 777 738 796 
9 823 784 754 873 764 775 752 753 
10 785 794 764 822 714 748 724 717 
11 785 808 823 826 801 712 826 665 
12 829 895 774 891 841 815 834 778 
13 861 883 739 762 725 717 746 766 
14 906 885 790 655 690 769 765 719 
15 819 911 788 654 742 786 791 779 
16 893 862 769 727 725 721 739 736 
17 813 750 742 872 746 812 705 724 
18 816 758 811 702 728 741 757 732 
19 676 783 734 626 782 704 782 707 
20 813 809 695 707 753 680 720 683 

 468



Uniformity Trials 

 
 1 2 3 4 5 6 7 8 
21 801 764 701 716 753 680 706 665 
22 718 784 730 750 733 705 728 667 
23 756 725 821 685 681 738 630 599 
24 789 681 732 669 681 698 689 622 
25 652 622 695 677 698 666 691 688 
26 729 650 700 764 680 681 645 622 
27 698 713 714 734 651 649 675 614 
28 745 677 685 711 688 614 585 534 
29 964 727 648 664 623 629 616 594 
30 671 729 690 687 705 622 523 526 
31 717 694 727 719 669 630 701 645 
32 652 713 656 584 517 572 574 539 
33 605 708 684 715 659 629 632 596 
34 559 722 726 705 571 637 637 577 
35 589 681 690 570 619 624 580 570 
36 614 633 619 658 678 673 652 602 
 
9 10 11 12 13 14 15 16 17 18 
898 856 808 920 808 889 943 894 968 917 
858 926 922 910 872 805 775 846 947 965 
853 936 927 779 865 720 566 893 914 861 
809 778 945 876 901 802 836 778 923 949 
792 858 912 839 813 740 730 632 813 914 
751 774 863 902 771 747 819 699 670 934 
874 928 872 834 892 760 753 720 751 894 
855 901 792 752 722 781 739 733 783 786 
820 798 847 858 811 875 659 661 759 767 
736 724 838 769 819 823 724 750 764 764 
759 738 867 725 794 755 730 638 724 734 
760 822 803 754 703 743 728 692 748 671 
662 634 743 719 710 682 694 675 709 720 
743 770 728 740 691 767 648 715 655 665 
645 810 816 746 729 814 718 721 708 722 
672 814 756 748 714 718 694 704 915 705 
640 757 708 750 767 638 754 767 763 685 
623 786 805 786 739 727 767 738 659 695 
672 703 698 758 762 625 623 699 662 613 
757 782 789 811 789 769 751 648 680 696 
680 650 690 699 768 751 701 665 603 680 
703 684 777 747 713 696 717 732 712 679 
629 703 780 720 709 697 731 661 627 644 
672 704 705 625 677 704 648 605 585 651 
682 713 670 708 707 695 681 716 626 637 
661 728 715 775 690 726 669 766 709 645 
634 635 639 690 694 637 590 640 658 609 
533 671 600 647 592 595 563 634 666 644 
619 631 628 591 675 654 640 718 667 649 
661 683 619 709 620 651 676 728 547 682 
638 714 633 670 649 665 557 734 674 727 
545 629 636 580 607 654 585 674 608 612 
627 644 661 682 690 636 665 731 753 640 
561 590 646 639 672 636 651 684 584 622 
568 589 550 622 623 706 725 738 669 636 
590 605 538 682 651 653 680 696 633 660 
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Smith's Index of Soil Heterogeneity 
Step-1 Combine the r x c basic units to simulate plots of different sizes and shapes. Use 
only combinations that fit exactly into the whole area, i.e. the product of simulated plots 
and the number of basic units per plot must equal to the total number of basic units.  
Step-2 For each of the simulated plots constructed in Step-1, compute the yield total T as 
the sum of basic units to construct that plot and compute V(x) , Vx.  
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Step-3 For each plot size having more than one shape, test the homogeneity of between-
plot variance V(x) , to determine the significance of plot-orientation (plot shape) effect, by 
using F test or the Chi-square test. For each plot size whose plot shape effect is non-
significant, compute the average of Vx values over all plot shapes. For others, use the 
lowest value. 
For plot of size 2 m2 there are two shapes only. So,   F = 31,370/31,309 = 1.00 (NS).  
 
Step-4 Using the values of the variance per unit are Vx computed in Step 3, estimate the 
regression coefficient between Vx and plot size x. We fit the equation 

  
x

V
 = V b

1
x or log Vx = log V1 - b log x  or Y=cx  

where Y=log Vx - log V1 , c=-b and X=log x 
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c = -0.1376 or b=0.1376. 
 
Here wI is the number of plot shapes used in computing the average variance per unit area 
of the ith plot and m is the total number of plots of different sizes.  

Thus the Fairfield Smith’s equation is 1376.0
041,9ˆ

x
Vx = . 
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Table-2 Between-plot variance [V(x)], variance per unit area (Vx) and 
coefficient of variability (CV) of plots of various sizes and shapes, 
calculated from Rice Uniformity Data in Table-1 

Plot Size and  Shape     
Size 
m2

Width 
m 

Length 
m 

Plot 
numbers 

V(x) Vx CV % 

1 1 1 648 9,041 9,041 13.0 
2 2 1 324 31,370 7,842 12.1 
3 3 1 216 66,396 7,377 11.7 
6 6 1 108 235,112 6,531 11.0 
9 9 1 72 494,497 6,105 10.7 
2 1 2 324 31,301 7,827 12.1 
4 2 2 162 114,515 7,157 11.5 
6 3 2 108 247,140 6,865 11.3 
12 6 2 54 908,174 6,307 10.8 
18 9 2 36 1,928,177 5,951 10.5 
3 1 3 216 66,330 7,370 11.7 
6 2 3 108 247,657 6,879 11.3 
9 3 3 72 537,201 6,632 11.1 
18 6 3 36 1,981,408 6,115 10.7 
27 9 3 24 4,231,622 5,805 10.4 
4 1 4 162 113,272 7,080 11.5 
8 2 4 81 427,709 6,683 11.1 
12 3 4 54 943,047 6,549 11.0 
24 6 4 27 3,526,179 6,121 10.7 
36 9 4 18 7,586,647 5,854 10.4 
6 1 6 108 238,384 6,622 11.1 
12 2 6 54 913,966 6,347 10.9 
18 3 6 36 2,021,308 6,239 10.8 
36 6 6 18 7,757,823 5,986 10.5 
9 1 9 72 514,710 6,354 10.9 
18 2 9 36 2,017,537 6,227 10.8 
27 3 9 24 4,513,900 6,192 10.7 
 
This law can further be used for arriving at an optimum plot size.  He has recommended 
the cost function C = C1+C2 X where C1 = overhead cost which is independent of plot 
size and C2 is the consideration of cost by a unit increase in the plot size.  Optimum value 
of plot size is one which minimises the cost per unit of information viz. (C1+C2 X)  
 
Assuming that variance is given by 

 
2

1
opt C

C 
b-1
 b = X    

The optimum plot size had been worked out for different cost ratio and for values of b. 
 
Optimum Plot Size  
The optimum or recommended size of an experimental unit (plot) cannot be given 
without first considering several factors: 

i)  Practical Consideration: Certain practical aspects may dictate the size of 
experimental unit.  In animal experiments the pen’s or cages may be already 
constructed and not easily changed.  The pasture or paddocks size may be 
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determined by those already available and fenced. If grain combined and other 
power equipment are used, a fairly large plot may be essential.  In green house 
studies, the experimental unit may have to be small.  Experimental resources 
available would also determine the plot size. 

ii)   Nature of experimental material : The plot size is different for oat and for corn, 
pen or cages size for chicken and cattle are also different. 

iii)  Number of treatment per block or per incomplete block: For large number 
treatments to be tested, an incomplete blocks design may be used. 

iv)  Variability among individual or units within the experimental unit (Vs) relative to 
variability among experimental unit (Vp) treated alike.  The variance of treatment 
mean is proportional to [Vp + Vs/k].  The relative size of the Vp and Vs has 
considerable effects on optimum size. 

v)  Cost: Let Cs  be cost of an individual item within experimental unit which is 
independent of cost of experimental units.  Cp be the cost of experimental unit, 
independent of individuals in the unit.  Then the cost per treatment with a single 
replication is kCs + Cp = Ct and the total cost of experiment is a random variable 
Ct (v treatment, r replications) the optimum size thus depends on the ratio of Cs  
and Cp.   

 
Shape of  Plots 
Cochran (1940) has also considered the problem of shape of plots for various types of 
fields.  His results can very well understand by the following example. Suppose we have 
v=9 treatment to compare and we wish to select the plot shape with the smallest average 
experimental error variance when the direction of fertility gradient is unknown.  The two 
extreme shapes selected are rectangular [plan (a)] and Square [plan(b)] as shown in 
Figure A.  Let us consider the Case for which a linear fertility, gradient exists.  Suppose it 
is parallel to AB (Fig. A) so that plots lie perpendicular to the gradient.  The sum of 
squares among the 9 plots would be 8σi

2 + 60g2.  If fertility to the gradient was parallel to 
AC, the plots would be parallel to the gradient and all the plots would be equally affected 
by the gradient.  In this case the sum of squares of the 9 plots would be 8σI

2

A          B   A    B 
     

-3g 0 3g 
 

     
-3g 0 3g 

 

 

         

    
-3g 0 3g 

 

C          D   C    D 
 -4g -3g -2g -1g 0 g 2g 3g 4g         

 
        Plan (a)                     Plan (b) 

Fig. A  
If σI

2 is the random variance within blocks, independent of shape of plot, the mean 
squares as affected by the two plot shapes, rectangular and square as shown in Fig. A are 
given below: 
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Fertility Gradient d f       Average value of  Mean Square  
    Plan (a)                        Plan (b) 

 
 Parallel to AC  8   σI

2   σI
2 + (54/8)g2  

 Parallel to AB  8   σI
2 +(60/8)g2   σI

2 +(54/8)g2

 
 Average  8   σI

2 +(30/8)g2  σI
2 +(54/8)g2

 
If the plots were square as in plan (b) the sum of squares among plots would be the same 
for both cases.  The average mean square for long narrow plots is smaller than that of the 
square plots. 
 
As in the experimental design, the plots are generally arranged within blocks.  Therefore, 
for the efficient planning the information on the efficiency of different block size is also 
of great importance.  For working out the relative efficiency block sizes the ratio of error 
variance of a particular block arrangement to that without block arrangement can be 
worked out.  This ratio is expressed as percentage and was taken as efficiency for that 
block arrangement. 
 
In many a uniformity trials reported, it is observed that while the Fairfield Smith law 
explains the relationship between the plot size and average variation  (or coefficient of 
variation) very well, the variation for different shapes of the same plot are not of the same 
order. In such situation, while the law can be used for arriving optimum plot size, the 
shape of the plot need to be arrived after examining the variation associated with the 
shapes. Studies have revealed that the relationship between the block size (for a fixed plot 
size and shape) and variation also follow a similar law viz. Y=axb where Y is the 
variation (coefficient of variation) and x is the block size.  
 
The repeated analysis of uniformity trial data by super imposing different sizes and shape 
of plots and blocks and studying the variances or coefficient of variation can be work out 
and studied with the help of the relationship to arrive the optimum plot/block size/shape. 
This data can also be used to study the relative efficiency of various experimental design 
like Completely Randomised Design, Randomised Block  Design, Incomplete Block  
Design, Confounded Factorials, Latin Square. 
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Lattice designs form an important class of useful incomplete block designs.  Yates (1936) 
originally introduced these designs.  Here we shall deal with square lattices, rectangular 
lattices and cubic lattice designs. 
 
1.  Square Lattice Designs 
Balanced incomplete block (BIB) designs are the most efficient designs in the class of 
binary incomplete block designs but these designs require usually a large number of 
replications and are not available for all combinations of parametric values.   To 
overcome these difficulties Yates (1936) introduced a class of designs known as quasi-
factorials or lattice designs.  The characteristic features of these designs are that the 
number of treatments is a perfect square and the block size is the square root of this 
number.  Moreover, incomplete blocks are combined in groups to form separate 
replications.    The numbers of replications of the treatments are flexible in these designs 
and are useful for situations in which a large number of treatments are to be tested.  If the 
design has two replications of the treatments, it is called a simple lattice; if it has 3 
replications it is called a triple-lattice and so on.  In general, if the number of replications 
is m, it is called an m-ple lattice.  Square lattice designs can be constructed as follows: 
 
1.1  Method of Construction 
Let there be v = s2 treatments, numbered as 1, 2, ..., s2.  Arrange these treatment numbers 
in the form of a s x s square which we call here as standard array.  The contents of each 
of the s rows of this array are taken to form a block giving thereby s blocks each of size s.  
Further the contents of columns of this array are taken to form blocks giving another set 
of s blocks forming another complete replication.  Next a s x s  latin square is taken and 
is superimposed on the above standard array of treatment numbers.  The treatment 
numbers that fall on a particular symbol of the latin square are taken to form a block.  
Thus we get s blocks corresponding to the s symbols of the latin square.  Again, another 
latin square orthogonal to the previous one is taken and from this square also, another set 
of s blocks is obtained in the same manner.  The process is repeated to get further 
replications. The process is continued till m - 2 (≤ s - 1, if s is a prime or power of a 
prime) mutually orthogonal latin squares are utilized.  When the complete set of (s-1) 
mutually orthogonal latin squares (if such a set exists) is utilized, the designs becomes a 
balanced (s + 1) - lattice.  A balanced lattice is a BIB design. 
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Example: Let v = 32 = 9 and k = 3. 
 
  Standard Array  Mutually orthognal latin squares 
             1      2       3   A      B      C          A      B       C 
                        4      5       6                             B      C      A          C      A       B 
                        7      8       9                             C      A      B          B      C       A 
 

        Blocks  
1 (1,2,3)  

Rows 2 (4,5,6) Rep.I 
3 (7,8,9)  
4 (1,4,7)  

Columns 5 (2,5,8) Rep.II 
Corresponding to 6 (3,6,9)  
 7 (1,6,8)  

1st latin square 8 (2,4,9) Rep.III 
 9 (3,5,7)  
 10 (1,5,9)  

2nd latin square 11 (2,6,7) Rep.IV 
 12 (3,4,8)  
 
All the four replications, in the above arrangement, form a balanced lattice which is a 
BIB design with v = 9, b = 12, r = 4, k = 3, λ = 1. 
 
1.2   Randomization 
The randomization consists of the following steps: 
1. Allot the treatments to the treatment numbers at random. 
2.  Randomize the replications. 
3. Randomize the blocks separately and independently within replication. 
4. Randomize the treatments separately and independently within each block. 
 
Steps 2 to 3 give each treatment and equal chance of being allotted to any experimental 
unit.  These steps correspond to the allotment of treatments to units at random in an 
ordinary random choice of treatments that form the blocks of the design.  If differences 
among blocks are large, the error variance per plot for the mean of a group of treatments 
that lie in the same block may be considerably higher than the average error variance.  
This additional randomization ensures that the average error variance may be used, in 
nearly all cases, for comparisons among groups of treatments.  
 
When a plan is repeated to obtain extra replications, a separate randomization must be 
carried out for each additional replicate. 
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1.3 Statistical Analysis 
Compute  G = grant total  
     Y  = grand mean 
     Ti = sum of observations for treatment i, (i = 1,2,... , s2) 
                Bj = sum of observations in block j, (j = 1,2,..., ms) 
     CF= G2/n, where n = ms2      
      Qi = adjusted ith  treatment total  
                      = Ti  - (Sum of block totals in which treatment i occurs)/ Block size (s) 
 
           SR(Qi) =  Sum of Q’s for treatments including i which are in the same row of  

treatment i in the standard array. 
          SC(Qi) = Sum of Q’s for treatments including i which are in the same column of 

treatment i in the standard array.  
          SJ(Qi)  =  Sum of Q’s for those treatments including i which fall under the same 

letter of treatment i when jth mutually orthogonal latin square is 
superimposed on the standard array ( J = 1,2,... , m-2) 

 

The ith treatment effect, 

ti  = ⎥
⎦

⎤
⎢
⎣

⎡
+++ ∑

=

2-m

1J
iJiCiR

i )Q(S)Q(S)Q(S
1)s-m(m

1
m
Q

,  i= 1,2,... , s2             (1) 

 

Adjusted treatment mean for treatment i = ith treatment effect (ti) + grand mean (Y ) 
 

Various sums of squares can be obtained as follows: 
(1) Total sum of squares (TSS) = Σ(Observation)2 - CF 
(2) Treatments sum of squares unadjusted (SSTU) = [Σ  Ti

2 ] /m - CF 
(3) Blocks sum of squares unadjusted (SSBU) = [Σ  Bj

2 ] / s - CF 
(4) Treatments sum of squares adjusted (SSTA)= Σ ti Qi
(5) Error SS (SSE) = TSS - SSBU - SSTA 
(6) Blocks sum of squares adjusted (SSBA) = SSTA + SSBU - SSTU 
 

The analysis of variance for an m-ple lattice with v =  s2 treatments in blocks of size s is  
given below: 

Table-1. ANOVA  for an m-ple lattice 
Source DF SS MS F 
Blocks 
(unadjusted) 

ms-1 SSBU   

Treatments 
(adjusted) 

s2 - 1 SSTA MST MST/MSE 

Blocks  
(adjusted) 

ms - 1 SSBA MSB MSB/MSE 

Error (s -1) (ms-s-1) SSE MSE  
Total ms2 - 1 TSS   
Note: MST = SSTA/(s2 - 1) , MSB = SSBA/ (ms-1) and MSE = SSE/[(s-1) (ms-s-1)] 
Coefficient of variation = (√MSE /Y ) x 100 
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Standard error of the difference between two adjusted treatment means  
(i)  when the two treatments belong to the same row or same column of the standard 

array or fall under the same letter of any latin square  is equal to 

 
2/1

ms
1)(s MSE2
⎥⎦
⎤

⎢⎣
⎡ + , 

 
(ii) when the two treatments don't belong to the same row or same column of the 

standard array or fall  under the same letter is  
 

 
2/1

1)s-m(m
} m  s 1)-MSE{(m 2
⎥
⎦

⎤
⎢
⎣

⎡ + . 

 
Efficiency of lattice design over RBD  
 

 E = 
m1)-(m 1)s(

1)-(m 1)s(
++

+  

 
assuming the same error variance for both the designs. 
 
Example: The following table gives the synthetic yields per plot of an experiment 
conducted with 32 = 9 treatments using a simple lattice design.  

Replication 1  Replication 2 
Blocks↓ Treatments  (yield per plot) 

 
 Blocks↓ Treatments(yield per plot) 

1 1(8) 7(5) 4(3)  4 8(2) 7(2) 9(7) 
2 3(3) 6(2) 9(6)  5 4(3) 5(3) 6(3) 
3 8(3) 5(7) 2(3)  6 2(2) 3(4) 1(6) 
Analyze the data. 
 
Analysis 
Compute  
 Grand Total (G) =  8 + 5 + ... + 6    = 72 
 No. of observations (n)   = 18 

 Grand Mean ( y ) = G/n= 72/18 = 4 

 No. of replications    = 2 
 Block size (k)     = 3 
 CF  = G2/n  = (72)2/18  = 288 
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 (1) (2) (3) (4) (5) (6) (7) (8) (9) 
Treat/
Block 

no. 

Ti Bj Block No’s in 
which treat i 

occurs 

∑
)(ij
B j ∑

)(ij
B j/k Qi 

(2)-(6)
iτ̂  Adj. 

treat. 
mean 

1. 14 16 1,6 28 9.33 4.66 2.50 6.50 
2. 05 11 3,6 25 8.33 -3.33 -2.16 1.84 
3. 07 13 2,6 23 7.66 -0.66 0.33 4.33 
4. 06 11 1,5 25 8.33 -2.66 -1.33 2.66 
5. 10 09 3,5 22 7.33 2.66 0.50 4.50 
6. 05 12 2,5 20 6.66 -1.66 -0.50 3.50 
7. 07  1,4 27 9.00 -2.00 -0.83 3.16 
8. 05  3,4 24 8.00 -3.00 -2.00 2.00 
9. 13  2,4 22 7.33 5.66 3.50 7.50 

 
Note: T1 = 8 + 6 =14, etc. 

 B1 = 8 + 5 + 3 = 16, etc. 

 Total of Block, in which treatment 1 occurs, 

 ∑
)1(j

B j   = 16+12 = 28, etc. 

  
Adjuseted Treatment Total (Q1) = T1 - ∑

)1(j
B j/k = 14 - 9.33 = 4.66 

  =Q
1̂τ 1/2 + [SR(Q1) + SC(Q1)] / (2x3) = 4.66/2 + 1.001/6 = 2.50 

 
 Treatment SR(Qi) SC(Qi) SR(Qi) + SC(Qi) 

1 Q1 +  Q2 + Q3 = 0.667 Q1 +  Q4 + Q7 = 0.334  1.001 
2 Q1 +  Q2 + Q3 = 0.667 Q2 +  Q5 + Q8 = -3.666 -2.999 
3 Q1 +  Q2 + Q3 = 0.667 Q3 +  Q6 + Q9 = 3.333 4.000 
4 Q4 +  Q5 + Q6 = -1.333 Q1 +  Q4 + Q7 = 0.334 -0.999 
5 Q4 +  Q5 + Q6 = -1.333 Q2 +  Q5 + Q8 = -3.666 -4.999 
6 Q4 +  Q5 + Q6 = -1.333 Q3 +  Q6 + Q9 = 3.333 2.000 
7 Q7 +  Q8 + Q9 = 0.667 Q1 +  Q4 + Q7 = 0.334 1.001 
8 Q7 +  Q8 + Q9 = 0.667 Q2 +  Q5 + Q8 = -3.666 -2.999 
9 Q7 +  Q8 + Q9 = 0.667 Q3 +  Q6 + Q9 = 3.333 4.000 

 
Total S.S.(TSS)    = Σ(observation)2 - CF 
       = 82 + 52 + . . . +62 – 288  

= 66 
Treatment S.S. unadjusted (SSTU)   =  (Σ )/m - CF 2

iT
            =  (142 + ... + 132)/2 - 288 
            =  49 
 
Block S.S. unadjusted (SSBU)         =  (Σ )/s - CF 2

jB
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                                  = (162 + ... +122)/3 - 288 
            = 9.33 

Treatment S.S. adjusted(SSTA)       = Σ Q
iτ̂ i

     = 51.44 

Block S.S. adjusted (SSBA)   = SSTA + SSBU - SSTU
             = 51.44 + 9.33 – 49.00 
             = 11.77 

Error S.S. (SSE)        = TSS -SSBU - SSTA
            = 66 – 51.44 – 9.33 
            = 5.23 
 
The analysis of variance Table is given below: 
 

ANOVA 
Source d.f. S.S. M.S. F 
Blocks(unadj.) 5 9.33   
Treatments(adj.) 8 51.44 6.43 4.91 
Blocks(adj.) 5 11.77 2.35 1.79 
Treatments (unadj) 8 49.00   
Error 4 5.23 1.31  
Total 17 66.00   
 

Table value of F(8,4) = 6.04  ( at 5% level of significance) 
Treatment effects are not significantly different. 

SE(1)   =  
3

4MSEx  

  = 74.1  
   =  1.32, if the treatments belongs to same block. 
CD1  = t (.05,4) x  SE1

   = 2.776 x 1.32 
  = 3.66 

SE(2)   =  
3

5MSEx  

  = 183.2  
  =  1.4777, if the treatments belongs to same block. 
CD2  = t(0.05,4) x SE(2) 

= 2.776 x 1.477  
= 4.100. 
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An unbiased estimate of the difference between two treatment effects ( mi ττ ˆˆ − ) is given 
in the table below. 

Treatment m→ 
Treatment i↓ 
 1 2 3 4 5 6 7 8 9 
1 0 4.66 2.17 3.84 2.00 3.00 3.34 4.50 1.00 
2 4.66 0 2.49 0.82 2.66 1.66 1.32 0.16 5.66 
3 2.17 2.49 0 1.67 0.17 0.83 1.17 2.33 3.17 
4 3.84 0.82 1.67 0 1.84 0.84 0.50 0.66 4.84 
5 2.00 2.66 0.17 1.84 0 1.00 1.34 2.50 3.00 
6 3.00 1.66 0.83 0.84 1.00 0 0.34 1.50 4.00 
7 3.34 1.32 1.17 0.50 1.34 0.34 0 1.16 4.34 
8 4.50 0.16 2.33 0.66 2.50 1.50 1.16 0 5.50 
9 1.00 5.66 3.17 4.84 3.00 4.00 4.34 5.50 0 

Bold figures indicate significant at 5% level. 
 
Comparison of ( mi ττ ˆˆ − ) with CD1 when treatments are in the same block and CD2 when 
treatments are not in the same block indicates treatments 1 and 2, 1 and 4, 1 and 8, 2 and 
9, 4 and 9, 6 and 9, 7 and 9, and  8 and 9 are significantly different. 
 
2.  Rectangular Lattice Designs 
Harshbarger (1947, 1949) developed rectangular lattices for s ( s + 1) treatments in 
blocks of size s units.  These designs form a useful addition to the square lattices.  The 
statistical analysis of these designs is quite similar to that for simple and triple latices, 
though it takes more time because the block adjustments are not so simple as with square 
lattices.  The new designs are less symmetrical than the square lattices, in the sense that 
there is a greater variation in the accuracy with which two treatment means are 
compared.   
 
2.1  Method of Construction 
There are several methods of constructing rectangular lattice designs we describe below 
one suggesting by G.S.Watson which uses a latin square with (s+1) rows and columns, in 
which every letter in the leading diagonal is different.  When writing down the square we 
attach a number to all letters expect those in the leading diagonal, as illustrated below for 
a 4 x 4 square. 
 

  

BA12D11C10
C9DA8B7

6A5BC4D
D3C2B1A

 
In the first replication we place in a block all numbers that lie in the same row of the latin 
square, in the second replication all numbers that lie in the same column, and in the third 
all numbers that have the same latin letter. 
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        Blocks    

1 (1,2,3)    
Rows 2 (4,5,6) Rep.I   

3 (7,8,9)    
4 (1,4,7)    
5 (4,7,10)    

Corresponding to  
Columns 

6 (1,8,11) Rep.II   

 7 (2,5,12)    
8 (3,6,9)    

 9 (6,8,12)    
Lattin letters 10 (1,5,7) Rep.III   

11 (2,9,10)    
 12 (3,4,11)    
 
The important feature of this arrangement is that no two treatments are in the same block 
more than one.  The use of a latin square with different letters down the leading diagonal 
ensures that in the third replication the three numbers associated with any letter are all in 
different rows and columns, and hence have not previously occurred together in a block. 
 
By using the first 2 replications from any plan we obtain a rectangular lattice in 2 
replications, which by means of repetitions can be used for an experiment in 4,6,8, etc., 
replications.  By using all 3 replications of the plan we have designs for 3,6,9, etc., 
replications. 
 
Alternatively (as pointed out by S.S.Shrikhande), we may construct the designs from a 
balanced lattice with (s+1)2 treatments.  If the first replication is omitted, and if all 
treatments that appear in any one selected block in the first replicate are omitted in 
subsequent replications, it is easy to verify that we generate designs for s(s+1) treatments 
in which every block is of size s and in which no two treatments appear together more 
than once in the same block.  This method given any number of replicates up to s, though 
of course the method fails when no balanced lattice exists, as with 36 treatments. 
 
3.  Cubic Lattice Designs 
Yates introduced cubic lattice designs for plant breeding experiments in which selection 
are to be made from an unusually large number of varieties.  The number of treatments 
must be an exact cube.  The most useful range comprises 27,64,125,216,343,512,729, and 
1000 treatments.  The size of the block is the cube root of the number of treatments, i.e., 
3,4,5,,6,7,8,9, and 10, respectively.  Thus cubic lattices can accommodate a large number 
of treatments in a small size of incomplete block.  The designs have been used, for 
example, in an experiment with 729 strains of ponderosa pine seedlings and an 
experiment with 729 soybean varieties.  The number of replicates must be 3 or some 
multiple of 3. 
Since the plans are easy to construct and since they occupy a considerable amount of 
space for the higher numbers of treatments, they are not reproduced here.  To obtain a  
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plan, the s3 treatments are numbered by means of a three-digit code in which each digit 
takes all values from 1 to p.  For 27 treatments, the code is given in Table-2. 

Table-2. Treatment codes for 27 treatments 
Treatment 

No. 
Code Treatment 

No. 
Code Treatment 

No. 
Code 

1 
2 
3 

111 
211 
311 

4 
5 
6 

121 
221 
321 

7 
8 
9 

131 
231 
331 

10 
11 
12 

112 
212 
312 

13 
14 
15 

122 
222 
322 

16 
17 
18 

132 
232 
332 

19 
20 
21 

113 
213 
313 

22 
23 
24 

123 
223 
323 

25 
26 
27 

133 
233 
333 

 
The same principle applies with a large number of treatments.  For the first s treatments, 
the last two digits are fixed at (11) while the first digit runs from 1 to s.  The next s 
treatments are coded by fixing the last two digits at (21) while the first digit again runs 
from 1 to s, and so on in a systematic manner until the final s treatments are reached, for 
which the last two digits have the fixed values (ss). 
 
Within each of the 3 replications, the s3 treatments are grouped into s2 blocks, each of 
size s.  In the first replication, the rule for this grouping is to keep the last two digits 
constant within a block, allowing the first digit to take values from 1 to s.  Thus, in the 
example below, the 9 group of treatments constitute the 9 blocks, block 1 containing the 
treatments (111), (211), and (311). 
 
To form the blocks in the second replication, we keep the first and the last digits fixed 
within any block and given the second digit all values from 1 to s.  With 27 treatments, 
the first block therefore contains (111), (121), and (131), the second block (211), (221), 
(231), and the last block (313), (323), and (333).  In the third replication, the first and the 
second digits are constant within each block. 
 
The composition of the blocks in the second and third replication is shown in Table-3. 
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Table-3.  Second and Third Replicates of a Cubic Lattice with 27 Treatments 
Replication-II 

Treatment 
No. 

Code Treatment 
No. 

Code Treatment 
No. 

Code 

Block 1 
1 
4 
7 

 
111 
121 
131 

Block 2 
2 
5 
8 

 
211 
221 
231 

Block 3 
3 
6 
9 

 
311 
321 
331 

Block 4 
10 
13 
16 

 
112 
122 
132 

Block 5 
11 
14 
17 

 
212 
222 
232 

Block 6 
12 
15 
18 

 
312 
322 
332 

Block 7 
19 
22 
25 

 
113 
123 
133 

Block 8 
20 
23 
26 

 
213 
223 
233 

Block 9 
21 
24 
27 

 
313 
323 
333 

Replication-III 
Treatment 

No. 
Code Treatment 

No. 
Code Treatment 

No. 
Code 

Block 1 
1 
10 
19 

 
111 
112 
113 

Block 2 
2 
11 
20 

 
211 
212 
213 

Block 3 
3 
12 
21 

 
311 
312 
313 

Block 4 
4 
13 
22 

 
121 
122 
123 

Block 5 
5 
14 
23 

 
221 
222 
223 

Block 6 
6 
15 
24 

 
321 
322 
323 

Block 7 
7 
16 
25 

 
131 
132 
133 

Block 8 
8 
17 
26 

 
231 
232 
233 

Block 9 
9 
18 
27 

 
331 
332 
333 

 

For more details interested readers may refer to Cochran and Cox (1957), and Dey 
(1986). A catalogue of lattice designs is given in the Appendix. A large number of 
designs with different numbers of replications may be formed out of these designs which 
can be used in various experimental situations. 
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APPENDIX 
LATTICE DESIGNS 

 
                                   PLAN  

Plan I                                                                3x3 balanced lattice 
   v=9, k=3, r = 4, b=12, λ= 1 

Block     Rep.I  Rep.II  Rep.III   Rep.IV        
(1) 1 2 3  (4) 1 4 7  (7) 1 5 9  (10) 1 8 6 
(2) 4 5 6  (5) 2 5 8  (8) 7 2 6  (11) 4 2 9 
(3) 7 8 9  (6) 3 6 9  (9) 4 8 3  (12) 7 5 3 

 
Plan 2 

4×4 balanced lattice 
v=16, k=4, r = 5, b=20, λ= 1 

Block          Rep.I             Rep.II   Rep.III  
(1) 1 2 3 4  (5) 1 5 9 13  (9) 1 6 11 16 
(2) 5 6 7 8  (6) 2 6 10 14  (10) 5 2 15 12 
(3) 9 10 11 12  (7) 3 7 11 15  (11) 9 14 3 8 
(4) 13 14 15 16  (8) 4 8 12 16  (12) 13 10 7 4 

 
  Rep.IV         Rep.V 
 (13) 1 14 7 12  (17) 1 10 15 8 
(14) 13 2 11 8  (18) 9 2 7 16 
(15) 5 10 3 16  (19) 13 6 3 12 
(16) 9 6 15 4  (20) 5 14 11 4 

 
Plan 3     5×5 balanced lattice 

v=25, k=5, r = 6, b=30, λ= 1 
  

 Block        Rep I                              Rep II     
(1) 1 2 3 4 5  (6) 1 6 11 16 21  
(2) 6 7 8 9 10  (7) 2 7 12 17 22  
(3) 11 12 13 14 15  (8) 3 8 13 18 23  
(4) 16 17 18 19 20  (9) 4 9 14 19 24  
(5) 21 22 23 24 25  (10) 5 10 15 20 25  

 
          Rep. III               Rep.IV    

(11) 1 7 13 19 25  (16) 1 12 23 9 20  
(12) 21 2 8 14 20  (17) 16 2 13 24 10  
(13) 16 22 3 9 15  (18) 6 17 3 14 25  
(14) 11 17 23 4 10  (19) 21 7 18 4 15  
(15) 6 12 18 24 5  (20) 11 22 8 19 5  

 
Rep.V               Rep.VI  

(21) 1 17 8 24 15  (26) 1 22 18 14 10 
(22) 11 2 18 9 25  (27) 6 2 23 19 15 
(23) 21 12 3 19 10  (28) 11 7 3 24 20 
(24) 6 22 13 4 20  (29) 16 12 8 4 25 
(25) 16 7 23 14 5  (30) 21 17 13 9 5 
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Plan 4     7×7 balanced lattice 
v=49, k=7, r = 8, b=56, λ= 1 

Block  Rep.I      Rep.II 
(1) 1 2 3 4 5 6 7  (8) 1 8 15 22 29 36 43  
(2) 8 9 10 11 12 13 14  (9) 2 9 16 23 30 37 44  
(3) 15 16 17 18 19 20 21  (10) 3 10 17 24 31 38 45  
(4) 22 23 24 25 26 27 28  (11) 4 11 18 25 32 39 46  
(5) 29 30 31 32 33 34 35  (12) 5 12 19 26 33 40 47  
(6) 36 37 38 39 40 41 42  (13) 6 13 20 27 34 41 48  
(7) 43 44 45 46 47 48 49  (14) 7 14 21 28 35 42 49  

 
  Rep.III      Rep.IV 
(15) 1 9 17 25 33 41 49  (22) 1 37 24 11 47 34 21  
(16) 43 2 10 18 26 34 42  (23) 15 2 38 25 12 48 35  
(17) 36 44 3 11 19 27 35  (24) 29 16 3 39 26 13 49  
(18) 29 37 45 4 12 20 28  (25) 43 30 17 4 40 27 14  
(19) 20 30 38 46 5 13 21  (26) 8 44 31 18 5 41 28  
(20) 15 23 31 39 47 6 14  (27) 22 9 45 32 19 6 42  
(21) 8 16 24 32 40 48 7  (28) 36 23 10 46 33 20 7  

      
                     Rep.V      Rep.VI 
(29) 1 30 10 39 19 48 28  (36) 1 23 45 18 40 13 35  
(30) 22 2 31 11 40 20 49  (37) 29 2 24 46 19 41 14  
(31) 43 23 3 32 12 41 21  (38) 8 30 3 25 47 20 42  
(32) 15 44 24 4 33 13 42  (39) 36 9 31 4 26 48 21  
(33) 36 16 45 25 5 34 14  (40) 15 37 10 32 5 27 49  
(34) 8 37 17 46 26 6 35  (41) 43 16 38 11 33 6 28  
(35) 29 9 38 18 47 27 7  (42) 22 44 17 39 12 34 7  

 
  Rep.VII     Rep.VIII 
(43) 1 16 31 46 12 27 42  (50) 1 44 38 32 26 20 14  
(44) 36 2 17 32 47 13 28  (51) 8 2 45 39 33 27 21  
(45) 22 37 3 18 33 48 14  (52) 15 9 3 46 40 43 28  
(46) 8 23 38 4 19 34 49  (53) 22 16 10 4 47 41 35  
(47) 43 9 24 39 5 20 35  (54) 29 23 17 11 5 48 42  
(48) 29 44 10 25 40 6 21  (55) 36 30 24 18 12 6 49  
(49) 15 30 45 11 26 41 7  (56) 43 37 31 25 19 13 7  

 
Plan 5     8×8 balanced lattice 

v=64, k=8, r = 9, b=72, λ= 1 
Block  Rep.I       

(1) 1 2 3 4 5 6 7 8
(2) 9 10 11 12 13 14 15 16
(3) 17 18 19 20 21 22 23 24
(4) 25 26 27 28 29 30 31 32
(5) 33 34 35 36 37 38 39 40
(6) 41 42 43 44 45 46 47 48
(7) 49 50 51 52 53 54 55 56
(8) 57 58 59 60 61 62 63 64
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Rep.II 
(9) 1 9 17 25 33 41 49 57

(10) 2 10 18 26 34 42 50 58
(11) 3 11 19 27 35 43 51 59
(12) 4 12 20 28 36 44 52 60
(13) 5 13 21 29 37 45 53 61
(14) 6 14 22 30 38 46 54 62
(15) 7 15 23 31 39 47 55 63
(16) 8 16 24 32 40 48 56 64

   
Rep.III      

(17) 1 10 19 28 37 46 55 64 
(18) 9 2 51 44 61 30 23 40 
(19) 17 50 3 36 29 62 15 48 
(20) 25 42 35 4 21 14 63 56 
(21) 33 58 27 20 5 54 47 16 
(22) 41 26 59 12 53 6 39 24 
(23) 49 18 11 60 45 38 7 32 
(24) 57 34 43 52 13 22 31 8 

 
   Rep.IV 

(25) 1 18 27 44 13 62 39 56 
(26) 17 2 35 60 53 46 31 16 
(27) 25 34 3 12 45 54 23 64 
(28) 41 58 11 4 29 22 55 40 
(29) 9 50 43 28 5 38 63 24 
(30) 57 42 51 20 37 6 15 32 
(31) 33 26 19 52 61 14 7 48 
(32) 49 10 59 36 21 30 47 8 

       
Rep.V                     

(33) 1 26 43 60 21 54 15 40 
(34) 25 2 11 52 37 62 47 24 
(35) 41 10 3 20 61 38 31 56 
(36) 57 50 19 4 45 30 39 16 
(37) 17 34 59 44 5 14 55 32 
(38) 49 58 35 28 13 6 23 38 
(39) 9 42 27 36 53 22 7 64 
(40) 33 18 51 12 29 46 63 8 

 
Rep.VI 

(41) 1 34 11 20 53 30 63 48 
(42) 33 2 59 28 45 22 15 56 
(43) 9 58 3 52 21 46 39 32 
(44) 17 26 51 4 13 38 47 64 
(45) 49 42 19 12 5 62 31 40 
(46) 25 18 43 36 61 6 55 16 
(47) 57 10 35 44 29 54 7 24 
(48) 41 50 27 60 37 14 23 8 

       
Rep.VII           

(49) 1 42 59 52 29 38 23 16 
(50) 41 2 19 36 13 54 63 32 
(51) 57 18 3 28 53 14 47 40 
(52) 49 34 27 4 61 46 15 24 
(53) 25 10 51 60 5 22 39 48 
(54) 33 50 11 44 21 6 31 64 
(55) 17 58 43 12 37 30 7 56 
(56) 9 26 35 20 45 62 55 8 

Rep.VIII 
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(57) 1 50 35 12 16 22 47 32 
(58) 49 2 43 20 29 14 39 64 
(59) 33 42 3 60 13 30 55 24 
(60) 9 18 59 4 37 54 31 48 
(61) 57 26 11 36 5 46 23 56 
(62) 17 10 27 52 45 6 63 40 
(63) 41 34 51 28 21 62 7 16 
(64) 25 58 19 44 53 38 15 8 

 
Rep.IX            

(65) 1 58 51 36 45 14 31 24
(66) 57 2 27 12 21 38 55 48
(67) 49 26 3 44 37 22 63 16
(68) 33 10 43 4 53 62 23 32
(69) 41 18 35 52 5 30 15 64
(70) 9 34 19 60 29 6 47 56
(71) 25 50 59 20 13 46 7 40
(72) 17 42 11 28 61 54 39 8

       
 
Plan 6             9×9 balanced lattice 

v=81,k=9, r = 10, b=90, λ= 1 
Block    Rep.I 

(1) 1 2 3 4 5 6 7 8 9 
(2) 10 11 12 13 14 15 16 17 18 
(3) 19 20 21 22 23 24 25 26 27 
(4) 28 29 30 31 32 33 34 35 36 
(5) 37 38 39 40 41 42 43 44 45 
(6) 46 47 48 49 50 51 52 53 54 
(7) 55 56 57 58 59 60 61 62 63 
(8) 64 65 66 67 68 69 70 71 72 
(9) 73 74 75 76 77 78 79 80 81 

          
                               Rep.II 

(10) 1 10 19 28 37 46 55 64 73 
(11) 2 11 20 29 38 47 56 65 74 
(12) 3 12 21 30 39 48 57 66 75 
(13) 4 13 22 31 40 49 58 67 76 
(14) 5 14 23 32 41 50 59 68 77 
(15) 6 15 24 33 42 51 60 69 78 
(16) 7 16 25 34 43 52 61 70 79 
(17) 8 17 26 35 44 53 62 71 80 
(18) 9 18 27 36 45 54 63 72 81 
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Rep.III 
(19) 1 20 12 58 77 69 34 53 45 
(20) 10 2 21 67 59 78 43 35 54 
(21) 19 11 3 76 68 60 52 44 36 
(22) 28 47 39 4 23 15 61 80 72 
(23) 37 29 48 13 5 24 70 62 81 
(24) 46 38 30 22 14 6 79 71 63 
(25) 55 74 66 31 50 42 7 26 18 
(26) 64 56 75 40 32 51 16 8 27 
(27) 73 65 57 49 41 33 25 17 9 

 
    Rep.IV 

(28) 1 11 21 31 41 51 61 71 81 
(29) 19 2 12 49 32 42 79 62 72 
(30) 10 20 3 40 50 33 70 80 63 
(31) 55 65 75 4 14 24 34 44 54 
(32) 73 56 66 22 5 15 52 35 45 
(33) 64 74 57 13 23 6 43 53 36 
(34) 28 38 48 58 68 78 7 17 27 
(35) 46 29 39 76 59 69 25 8 18 
(36) 37 47 30 67 77 60 16 26 9 

            
   Rep.V 

(37) 1 29 57 22 50 78 16 44 72 
(38) 55 2 30 76 23 51 70 17 45 
(39) 28 56 3 49 77 24 43 71 18 
(40) 10 38 66 4 32 60 25 53 81 
(41) 64 11 39 58 5 33 79 26 54 
(42) 37 65 12 31 59 6 52 80 27 
(43) 19 47 75 13 41 69 7 35 63 
(44) 73 20 48 67 14 42 61 8 36 
(45) 46 74 21 40 68 15 34 62 9 

 
   Rep.VI 

(46) 1 56 30 13 68 42 25 80 54 
(47) 28 2 57 40 14 69 52 26 81 
(48) 55 29 3 67 41 15 79 53 27 
(49) 19 74 48 4 59 33 16 71 45 
(50) 46 20 75 31 5 60 43 17 72 
(51) 73 47 21 58 32 6 70 44 18 
(52) 10 65 39 22 77 51 7 62 36 
(53) 37 11 66 49 23 78 34 8 63 
(54) 64 38 12 76 50 24 61 35 9 

 
    Rep.VII 

(55) 1 47 66 76 14 33 43 62 27 
(56) 64 2 48 31 77 15 25 44 63 
(57) 46 65 3 13 32 78 61 26 45 
(58) 37 56 21 4 50 69 79 17 36 
(59) 19 38 57 67 5 51 34 80 18 
(60) 55 20 39 49 68 6 16 35 81 
(61) 73 11 30 40 59 24 7 53 72 
(62) 28 74 12 22 41 60 70 8 54 
(63) 10 29 75 58 23 42 52 71 9 
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                                   Rep.VIII 
(64) 1 74 39 67 32 24 52 17 63 
(65) 37 2 75 22 68 33 61 53 18 
(66) 73 38 3 31 23 69 16 62 54 
(67) 46 11 57 4 77 42 70 35 27 
(68) 55 47 12 40 5 78 25 71 36 
(69) 10 56 48 76 41 6 34 26 72 
(70) 64 29 21 49 14 60 7 80 45 
(71) 19 65 30 58 50 15 43 8 81 
(72) 28 20 66 13 59 51 79 44 9 

 
    Rep.IX 

(73) 1 65 48 40 23 60 79 35 18 
(74) 46 2 66 58 41 24 16 80 36 
(75) 64 47 3 22 59 42 34 17 81 
(76) 73 29 12 4 68 51 43 26 63 
(77) 10 74 30 49 5 69 61 44 27 
(78) 28 11 75 67 50 6 25 62 45 
(79) 37 20 57 76 32 15 7 71 54 
(80) 55 38 21 13 77 33 52 8 72 
(81) 19 56 39 31 14 78 70 53 9 

 
    Rep.X 

(82) 1 38 75 49 59 15 70 26 36 
(83) 73 2 39 13 50 60 34 71 27 
(84) 37 74 3 58 14 51 25 35 72 
(85) 64 20 30 4 41 78 52 62 18 
(86) 28 65 21 76 5 42 16 53 63 
(87) 19 29 66 40 77 6 61 17 54 
(88) 46 56 12 67 23 33 7 44 81 
(89) 10 47 57 31 68 24 79 8 45 
(90) 55 11 48 22 32 69 43 80 9 

 
Plan 7     6×6 Triple lattice 

 
Block   Rep.I     Rep.II 

(1) 1 2 3 4 5 6  (7) 1 7 13 19 25 31 
(2) 7 8 9 10 11 12  (8) 2 8 14 20 26 32 
(3) 13 14 15 16 17 18  (9) 3 9 15 21 27 33 
(4) 19 20 21 22 23 24  (10) 4 10 16 22 28 34 
(5) 25 26 27 28 29 30  (11) 5 11 17 23 29 35 
(6) 31 32 33 34 35 36  (12) 6 12 18 24 30 36 

 
Block    Rep.III      

 
(13) 1 8 15 22 29 36 
(14) 31 2 9 16 23 30 
(15) 25 32 3 10 17 24 
(16) 19 26 33 4 11 18 
(17) 13 20 27 34 5 12 
(18) 7 14 21 28 35 6 
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Plan 8     10x10 Triple lattice 
 

Block   Rep.I 
 (1) 1 2 3 4 5 6 7 8 9 10 
(2) 11 12 13 14 15 16 17 18 19 20 
(3) 21 22 23 24 25 26 27 28 29 30 
(4) 31 32 33 34 35 36 37 38 39 40 
(5) 41 42 43 44 45 46 47 48 49 50 
(6) 51 52 53 54 55 56 57 58 59 60 
(7) 61 62 63 64 65 66 67 68 69 70 
(8) 71 72 73 74 75 76 77 78 79 80 
(9) 81 82 83 84 85 86 87 88 89 90 

(10) 91 92 93 94 95 96 97 98 99 100 
 

   Rep.II 
 (11) 1 11 21 31 41 51 61 71 81 91 
(12) 2 12 22 32 42 52 62 72 82 92 
(13) 3 13 23 33 43 53 63 73 83 93 
(14) 4 14 24 34 44 54 64 74 84 94 
(15) 5 15 25 35 45 55 65 76 85 95 
(16) 6 16 26 36 46 56 66 76 86 96 
(17) 7 17 27 37 47 57 57 77 87 97 
(18) 8 18 28 38 48 58 68 78 88 98 
(19) 9 19 29 39 49 59 69 79 89 99 
(20) 10 20 30 40 50 60 70 80 90 100 

 
Rep.III 

(21) 1 12 23 34 45 56 67 78 89 100 
(22) 91 2 13 24 35 46 57 68 79 90 
(23) 81 92 3 14 25 36 47 58 69 80 
(24) 71 82 93 4 15 26 37 48 59 70 
(25) 61 72 83 94 5 16 27 38 49 60 
(26) 51 62 73 84 95 6 17 28 39 50 
(27) 41 52 63 74 85 96 7 18 29 40 
(28) 31 42 53 64 75 86 97 8 19 30 
(29) 21 32 43 54 65 76 87 98 9 20 
(30) 11 22 33 44 55 66 77 88 99 10 

   
Plan 9     12x12 quadruple lattice 

 
Block     Rep.I 

(1) 1 2 3 4 5 6 7 8 9 10 11 12 
(2) 13 14 15 16 17 18 19 20 21 22 23 24 
(3) 25 26 27 28 29 30 31 32 33 34 35 36 
(4) 37 38 39 40 41 42 43 44 45 46 47 48 
(5) 49 50 51 52 53 54 55 56 57 58 59 60 
(6) 61 62 63 64 65 66 67 68 69 70 71 72 
(7) 73 74 75 76 77 78 79 80 81 82 83 84 
(8) 85 86 87 88 89 90 91 92 93 94 95 96 
(9) 97 98 99 100 101 102 103 104 105 106 107 108 

(10) 109 110 111 112 113 114 115 116 117 118 119 120 
(11) 121 122 123 124 125 126 127 128 129 130 131 132 
(12) 133 134 135 136 137 138 139 140 141 142 143 144 
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Block     Rep.II 
(13) 1 13 25 37 49 61 73 85 97 109 121 133 
(14) 2 14 26 38 50 62 74 86 98 110 122 134 
(15) 3 15 27 39 51 63 75 87 99 111 123 135 
(16) 4 16 28 40 52 64 76 88 100 112 124 136 
(17) 5 17 29 41 53 65 77 89 101 113 125 137 
(18) 6 18 30 42 54 66 78 90 102 114 126 138 
(19) 7 19 31 43 55 67 79 91 103 115 127 139 
(20) 8 20 32 44 56 68 80 92 104 116 128 140 
(21) 9 21 33 45 57 69 81 93 105 117 129 141 
(22) 10 22 34 46 58 70 82 94 106 118 130 142 
(23) 11 23 35 47 59 71 83 95 107 119 131 143 
(24) 12 24 36 48 60 72 84 96 108 120 132 144 

 
Block     Rep.III 

(25) 1 14 27 40 57 70 83 96 101 114 127 140 
(26) 2 13 28 39 58 69 84 95 102 113 128 139 
(27) 3 16 25 38 59 72 81 94 103 116 125 138 
(28) 4 15 26 37 60 71 82 93 104 115 126 137 
(29) 5 18 31 44 49 62 75 88 105 118 131 144 
(30) 6 17 32 43 50 61 76 87 106 117 132 143 
(31) 7 20 29 42 51 64 73 86 107 120 129 142 
(32) 8 19 30 41 52 63 74 85 108 119 130 141 
(33) 9 22 35 48 53 66 79 92 97 110 123 136 
(34) 10 21 36 47 54 65 80 91 98 109 124 135 
(35) 11 24 33 46 55 68 77 90 99 112 121 134 
(36) 12 23 34 45 56 67 78 89 100 111 122 133 

 
Block     Rep.IV 

(37) 1 24 30 43 53 64 82 95 105 116 122 135 
(38) 2 23 29 44 54 63 81 96 106 115 121 136 
(39) 3 22 32 41 55 62 84 93 107 114 124 133 
(40) 4 21 31 42 56 61 83 94 108 113 123 134 
(41) 5 16 34 47 57 68 74 87 97 120 126 139 
(42) 6 15 33 48 58 67 73 88 98 119 125 140 
(43) 7 14 36 45 59 66 76 85 99 118 128 137 
(44) 8 13 35 46 60 65 75 86 100 117 127 138 
(45) 9 20 26 39 49 72 78 91 101 112 130 143 
(46) 10 19 25 40 50 71 77 92 102 111 129 144 
(47) 11 18 28 37 51 70 80 89 103 110 132 141 
(48) 12 17 27 38 52 69 79 90 104 109 131 142 

 

 208



Lattice Designs 

Plan 10 
 

3x4 Rectangular lattice 
Block       Rep.X        Rep. Y   Rep. Z 

X1 1 2 3  Y1 4 7 10  Z1 6 8 12  
X2 4 5 6  Y2 1 8 11  Z2 2 9 10  
X3 7 8 9  Y3 2 5 12  Z3 3 4 11  
X4 10 11 12  Y4 3 6 9  Z4 1 5 7  

 
Plan 11 

4x5 Rectangular lattice 
 

Block Rep.X    Rep.Y     Rep.Z 
X1 1 2 3 4  Y1 5 9 13 17  Z1 8 11 15 18  
X2 5 6 7 8  Y2 1 10 14 18  Z2 2 9 16 20  
X3 9 10 11 12  Y3 2 6 15 19  Z3 4 7 14 17  
X4 13 14 15 16  Y4 3 7 11 20  Z4 1 5 12 19  
X5 17 18 19 20  Y5 4 8 12 16  Z5 3 6 10 13  

 
Plan 12 

5x6 Rectangular Lattice  
Block     Rep.X    Rep.Y   

X! 1 2 3 4 5  Y1 6 11 16 21 26 
X2 6 7 8 9 10  Y2 1 12 17 22 27 
X3 11 12 13 14 15  Y3 2 7 18 23 28 
X4 16 17 18 19 20  Y4 3 8 13 24 29 
X5 21 22 23 24 25  Y5 4 9 14 19 30 
X6 26 27 28 29 30  Y6 5 10 15 20 24 

 
      Rep.Z    

Z1 7 13 19 25 27  
Z2 5 14 16 23 29  
Z3 1 8 20 21 30  
Z4 2 9 15 22 26  
Z5 3 10 11 17 28  
Z6 4 6 12 18 22  

 
Plan 13 

                                           6x7 Rectangular Lattice 
Block                  Rep.X      Rep.Y 
X1 1 2 3 4 5 6  Y1 7 13 19 25 31 37 
X2 7 8 9 10 11 12  Y2 1 14 20 26 32 38 
X3 13 14 15 16 17 18  Y3 2 8 21 27 33 39 
X4 19 20 21 22 23 24  Y4 3 9 15 28 34 40 
X5 25 26 27 28 29 30  Y5 4 10 16 22 35 41 
X6 31 32 33 34 35 36  Y6 5 11 17 23 29 42 
X7 37 38 39 40 41 42  Y7 6 12 18 24 30 36 
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Block                  Rep.Z           
Z1 12 17 22 28 33 38 
Z2 2 13 24 29 35 40 
Z3 4 9 20 25 36 42 
Z4 6 11 16 27 32 37 
Z5 1 7 18 23 34 39 
Z6 3 8 14 19 30 41 
Z7 5 10 15 21 26 31 

 
Plan 14 

7x8 Rectangular Lattice 
Block  Rep.X            Rep. Y 
X1 1 2 3 4 5 6 7  Y1 8 15 22 29 36 43 50  
X2 8 9 10 11 12 13 14  Y2 1 16 23 30 37 44 51  
X3 15 16 17 18 19 20 21  Y3 2 9 24 31 38 45 52  
X4 22 23 24 25 26 27 28  Y4 3 10 17 32 39 46 53  
X5 29 30 31 32 33 34 35  Y5 4 11 18 25 40 47 54  
X6 36 37 38 39 40 41 42  Y6 5 12 19 26 33 48 55  
X7 43 44 45 46 47 48 49  Y7 6 13 20 27 34 41 56  
X8 50 51 52 53 54 55 56  Y8 7 14 21 28 35 42 49  

 
  Rep. Z 

Z1 9 17 25 33 41 49 51  
Z2 7 18 26 34 38 43 53  
Z3 1 10 27 35 36 47 55  
Z4 2 11 19 29 42 44 56  
Z5 3 12 20 28 37 45 50  
Z6 4 13 21 22 30 46 52  
Z7 5 14 15 23 31 39 54  
Z8 6 8 16 24 32 40 48  

 
Plan 15 

8x9 Rectangular Lattice 
Block   Rep.X      Rep.Y 
X1 1 2 3 4 5 6 7 8  Y1 9 17 25 33 41 49 57 65 
X2 9 10 11 12 13 14 15 16  Y2 1 18 26 34 42 50 58 66 
X3 17 18 19 20 21 22 23 24  Y3 2 10 27 35 43 51 59 67 
X4 25 26 27 28 29 30 31 32  Y4 3 11 19 36 44 52 60 68 
X5 33 34 35 36 37 38 39 40  Y5 4 12 20 28 45 53 61 69 
X6 41 42 43 44 45 46 47 48  Y6 5 13 21 29 37 54 62 17 
X7 49 50 51 52 53 54 55 56  

40 

Y7 6 14 22 30 38 46 63 71 
X8 57 58 59 60 61 62 63 64  Y8 7 15 23 31 39 47 55 72 
X9 65 66 67 68 69 70 72 73  Y9 8 16 24 32 48 56 64 

 
Rep.Z 

Z1 16 23 30 37 45 52 59 66 
Z2 2 17 32 39 46 54 61 68 
Z3 4 11 26 33 48 55 63 70 
Z4 6 13 20 35 42 49 64 72 
Z5 8 15 22 29 44 51 58 65 
Z6 1 9 24 31 38 53 60 67 
Z7 3 10 18 25 40 47 62 69 
Z8 5 12 19 27 34 41 56 71 
Z9 7 14 21 28 36 43 50 57 

 
Plan 16 
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9x10 Rectaugular Lattice 
Blocks    Rep.X       
X1 1 2 3 4 5 6 7 8 9  

X2 10 11 12 13 14 15 16 17 18  

X3 19 20 21 22 23 24 25 26 27  

X4 28 29 30 31 32 33 34 35 36  

X5 37 38 39 40 41 42 43 44 45  

X6 46 47 48 49 50 51 52 53 54  

X7 55 56 57 58 59 60 61 62 63  

X8 64 65 66 67 68 69 70 71 72  

X9 73 74 75 76 77 78 79 80 81  

X10 82 83 84 85 86 87 88 89 90  

 
Blocks    Rep. Y 
Y1 10 19 28 37 46 55 64 73 82
Y2 1 20 29 38 47 56 65 74 83
Y3 2 11 30 39 48 57 66 75 84
Y4 3 

27 

28 

12 21 40 49 58 67 76 85
Y5 4 13 22 31 50 59 68 77 86
Y6 5 14 23 32 41 60 69 78 87
Y7 6 15 24 33 42 51 70 79 88
Y8 7 16 25 34 43 52 61 80 89
Y9 8 17 26 35 34 53 62 71 90

Y10 9 18 36 45 54 63 72 81
 
Blocks    Rep.Z 

Z1 11 21 31 41 51 61 71 81 83 
Z2 9 22 32 42 52 62 64 76 84 
Z3 1 12 33 43 53 63 68 73 87 
Z4 2 13 23 44 54 55 65 79 89 
Z5 3 14 24 34 46 56 72 75 90 
Z6 4 15 25 35 45 57 67 74 82 
Z7 5 16 26 36 37 47 66 77 85 
Z8 6 17 27 38 48 58 78 86 
Z9 7 18 19 29 39 49 59 69 88 

Z10 8 10 20 30 40 50 60 70 80 
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1. Introduction 
Block designs are used when the heterogeneity present in the experimental material is in 
one-direction.  However, when the heterogeneity present in the experimental material is 
in two directions i.e. rows and columns, then double grouping is done.  The purpose of 
double grouping is to eliminate from the errors all differences among rows and equally 
all differences among columns.  Under these situations, the experimental material should 
be arranged and the experiment conducted so that the differences among rows and 
columns represent major sources of variation that are known or suspected. 
 
Example 1: In an animal experiment with the object of comparing the effects of four 
feeds, let young calves be the experimental units with their growth rate during a certain 
period as the variate under study.  Let it be intended to eliminate the variation due to 
breeds and ages of the calves.  So breed and age are the two factors that correspond to 
two sources of variation. The calves are, therefore, to come from, say, four breeds and 
four age groups. The 16 calves required for the experiment should each belong to a 
different breed-age combination.  There should be 4 calves belonging to each breed and 
each of these 4 calves should come from a different age group.  Both the factors of 
variation should be related to the variate under study so that their variability may 
influence the variability of the variate under study i.e. these are actually the controlled 
factors. 
 
Example 2: Youden gave another application in greenhouse experiments on tobacco 
mosaic virus. The experimental unit was a single leaf, and the data consisted of the 
number of lesions produced per leaf by rubbing the leaf with a solution, which contained 
the virus. The numbers of lesions had been found to depend much more on inherent 
qualities of the plant than on the position of the plant on the greenhouse bench. 
Consequently, each row of the design was a single plant, so that the large differences in 
responsiveness, which existed among plants, did not contribute to the experimental 
errors. The columns were the positions, from top to bottom, of the five leaves, which 
were used on each plant. Since there was a fairly consistent gradient in responsiveness 
down each plant, this control also proved effective. 
 
Designs used for the above situations are termed as Row-Column designs or designs for 
two-way elimination of heterogeneity.  There can be incomplete rows and columns, 
complete rows and incomplete columns, incomplete rows and complete columns, 
complete rows and columns.   
 
In a block design setting, the only source of variation, besides treatment, is the blocks.  
However, in the row-column setting, the sources of variation, besides the treatments, are 
the rows and column effects.  If we ignore the rows and take columns as blocks, we get a 
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block design with columns as blocks.  Similarly ignoring columns and considering rows 
as blocks also results in a block design.  One additional source of variation helps in 
reducing the experimental error and improving the precision of estimation. 
 
The simplest and most commonly used row-column design with complete rows and 
columns is a Latin Square design.   It is a design in which both rows and columns form 
a Randomized block design (RBD) i.e. treating rows as blocks forms a RBD and treating 
columns as blocks forms a RBD. 
 
In example 2 above, if the number of leaves is sufficient so that every treatment can be 
applied to one leaf of a plant, then a Latin-square design could be used.  But if the 
number of treatments is more than the number of leaves position available, then we must 
have incomplete columns. A row-column experimental plan with 7 treatments arranged 
in 4 rows and 7 columns, each treatment replicated 4 times is shown below. 
  
 1 2 3 4 5 6 7 
 3 4 5 6 7 1 2 
 6 7 1 2 3 4 5 
 7 1 2 3 4 5 6 
 
• The row labels in the design are randomly assigned to the levels of the first blocking 

factor. 
• The column labels in the design are randomly assigned to the levels of the second 

blocking factor. 
• The treatment labels in the design are randomly assigned to the levels of the treatment 

factor. 
 

Since there is only one experimental unit in each cell, there is no need for random 
assignment of experimental units to treatment labels within a cell. 
 
2. General Row-Column Setting 
In a general row-column setting, let the design have v treatments arranged in a p x q array 
consisting of p rows and q columns. For this setting, three types of classification are 
possible. 
 

1. Treatment Vs. row classification 
2. Treatment Vs. column classification 
3. Row Vs. column classification 
 
It is taken that all the three classifications are possibly non-orthogonal. Let yij(m) be the 
response of the experimental unit occurring in the ith row and jth column to which the mth 
treatment is applied. The model of response is  
 

 yij(m) = µ + ρi + cj + τm + eij(m)                  (i) 
      i = 1,..., p;   j = 1,..., q;  m = 1,..., v 
where µ  is the general mean, ρi is the ith row effect, cj is the jth column effect, τm is the 
mth treatment effect and eij(m) are random errors assumed to be independently normally 
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distributed with mean zero and variance σ2. Here since there are three classificatory 
variables, therefore the design can be visualized to three block designs as given in (1) to 
(3) above. Therefore the information matrix (C) for a row-column design is a function of 
the information matrix of the corresponding three block designs. 
 
Definition: A treatment connected row-column design is called Variance Balanced 
(VB) design if and only if all the normalized treatment contrasts are estimated through 
the design with same variance. In other words, all the diagonal elements of the C matrix 
are equal and all its off-diagonal elements are equal. A latin square design is a VB 
design. 
 
Youden Square design 
A Youden square design (YSD) is a design with incomplete columns by means of which 
two sources of variation can be eliminated.  The rows of a YSD form a RBD and the 
columns form a Balanced Incomplete Block (BIB) design. These are basically 
symmetrical BIB designs by which the block to block variation can be eliminated.  The k 
units in each block can be thought of occupying k different positions.  With the help of 
YSD, the effects of such positions can also be eliminated. 
 
Definition: A YSD is an arrangement of v treatments in a k × v rectangular array such 
that every symbol occurs exactly once in each row and the columns form a symmetrical 
BIB design with parameters v = b, r = k, λ. 
 
The k units in each block of a symmetrical BIB design can always be so arranged that 
each treatment occupies each position once in some block or the other.  When a 
symmetrical BIB design is obtained by developing an initial block such an arrangement 
is evident. 
 
The position effects are evidently orthogonal to the treatments as each treatment occurs 
once in each position. The position effects are similarly orthogonal to the blocks as well.  
Hence, the analysis of YSD is the same as that of BIB designs excepting that a 
component of the sum of squares obtained from the position totals of the observations is 
subtracted from the error sum of squares of the BIB design. 
 
Youden (1940) used these designs for the first time for green house studies. Following is 
a YSD with 7 treatments arranged in 3 rows and 7 columns. 
 

 1 2 3 4 5 6 7  
 2 3 4 5 6 7 1 
 4 5 6 7 1 2 3 
 

Smith and Hartley (1948) proved the possibility of obtaining YSD from symmetrical BIB 
designs.  The Youden squares can also be looked upon as an incomplete v × v latin 
square with k suitably chosen columns.  If a column or a row is omitted from a latin 
square, the resultant design is always a YSD. 
The model of response for a YSD is the same as in (a) with i=1,2,...,k: j=1,2,...,v and 
m=1,2,...,v. Let  
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R1,R2,..., Rk be the k row totals; C1,C2,..., Cv be the v column totals, T1, T2,..., Tv be the v 
treatment totals;  G be the grand total.   
 
Further let Qm be the adjusted mth treatment total obtained by subtracting the sum of 
column means in which mth treatment occurs from Tm (m = 1,2,..., v).    Further let  Q = 
(Q1, Q2,..., Qm)′.  
 
The information matrix pertaining to the estimation of treatment effects for a YSD is 
 

  C = [ ]  =   v'
k
λv /11 - I [ ] /v' -  

1v
1)v(k 11I

−
−  

 

Therefore a YSD is a VB design. Further 
 

 ,v,1,2,mQ 
v

k = ˆ  m,m K=
λ

τ  
 

and the Analysis of variance table is as  given below. 
 

ANOVA 
Sources of  
variation 

Degrees of 
Freedom 
(D.F.) 

Sum of Squares 
(S.S.) 

Mean sum 
of squares 
(M.S.) 

F 

 
Rows 

 
k-1 vr

G -
v

2
 RR′

 
MSr MSr/MSe

 
Columns 

 
v-1 vr

G -
k

2
 CC′

 
MSc MSc/MSe

Treatments 
(eliminating rows 
and  columns) 

 
v-1 QQQ CQ ′′ −   

λv
k   =  MSt MSt /MSe

Error vk-2v-k+2   By subtraction* MSe  
 
Total 

 
vk-1 vk

G - 
2

yy′  
  

 

*Error S.S. = Total S.S. - Rows  S.S. - Columns S.S. - Treatments (eliminating rows and 
columns) S.S. 

 
The significance of the treatment effects can be tested by comparing the F value of table 
with Fv-1, vk - 2v - k + 2, α. The calculation of treatment S.S. is identical to the one for a BIB 
design and the other calculations like Rows S.S, Columns S.S are the routine ones.  
 
Analogous to the results on BIB design, the C.D. for comparing any two treatment effects 
is (tvk  - 2v- k + 2, α/2) 2k MS ve / )λ . 
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Illustration: 
In one of the experiments, the experimenter is interested in making comparisons among 7 
treatments and there are 28 experimental units available.  These 28 experimental units are 
arranged in a Youden Square design with 4 rows and 7 columns with one observation per 
cell. The parameters of the design are v (number of treatments)  = 7, p (number of rows)  
= 4, q (number of columns) =7, r (replication of treatments)  = 4. The layout of the design 
along with the observations is given below. 
 
2(4.00) 3(5.30) 4(1.10) 5(16.90) 6(16.90) 7(10.30) 1(294.00) 
7(17.50) 1(220.00) 2(12.20) 3(15.50) 4(11.00) 5(26.50) 6(27.20) 
6(37.00) 7(26.00) 1(310.00) 2(22.70) 3(24.20) 4(21.40) 5(31.30) 
5(46.80) 6(44.20) 7(34.30) 1(282.00) 2(33.70) 3(33.70) 4(30.50) 

 
The analysis of variance for the above design for testing the equality of treatment effects 
is obtained as follows: 
 

ANOVA 
Source 

 
D.F. S.S. M.S. F P>F 

Due to rows 3   3319.0068 1106.3360 4.89 0.0191 
Due to columns (unadjusted) 6  27595.4086 4599.2348 20.31 0.0001 
Treatments (adjusted) 6 195027.7243 32504.6207 143.56 0.0001 
Error 12    2717.0814 226.4235   
Total 27 228659.2211    

 

R2 = 0.9881,   CV = 25.4532,  Root Mean Square Error = 15.0474 
 

From the above ANOVA table for the row-column setting, it may be seen that the 
probability of getting an F value greater than 143.56 is as small as 0.0001.  The 
treatments effect, therefore, differ significantly at 0.01 percent level of significance. 
 

In the above Youden square design if the rows are ignored and the columns are treated as 
blocks, then the following analysis of variance is obtained. 

 

ANOVA 
Source D.F. S.S. M.S. F P>F 

Columns (adjusted) 6 1280.2943 213.3824 0.53 0.7770
Treatments (adjusted) 6 195027.7243 32504.6207 80.78 0.0001
Error 15 6036.0882 402.4059  

 
R2 = 0.9736, CV = 33.9323,  Root Mean Square Error = 20.0601 
 
A comparison of MSE in the two ANOVA tables indicates that there has been 
considerable reduction in the MSE by forming rows and columns. 
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For testing the rows and columns effect, we perform the following analysis of variance to 
get adjusted sum of squares. 

ANOVA 
Source D.F. S.S. M.S. F P>F 

Due to rows 3 3319.0068 1106.3350 4.89 0.0191
Due to columns (adjusted) 6 1280.2943 213.3824 0.94 0.5006
Treatments (adjusted) 6 195027.7243 32504.6207 143.56 0.0001
Error 12 2717.0814 226.4235   

  
The row effects are highly significant while the column effects are not significantly 
different.  In this example, therefore, the formation of rows and columns has been very 
effective and has resulted into a considerable reduction in the error mean square. 
 
Cyclic Row-Column Designs: A cyclic row-column design is a row-column design in 
which the columns form a cyclic block design and the rows are complete blocks. The 
class of cyclic row-column designs is very large and a design with q = vs columns can 
always be found when a Youden design does not exist. For example, consider an 
experiment for comparing v=8 treatments when there are two blocking factors having 
p=3, v=q=8 because there does not exist a BIB design for 8 treatments in 8 blocks of size 
3. A cyclic design that may be suitable for the experiment is 
 
 1 2 3 4 5 6 7 8 
 2 3 4 5 6 7 8 1 
 4 5 6 7 8 1 2 3 
Here treatment pairs (1,5), (2,6), (3,7) and (4,8) never occur together in a column, but all 
other pairs of treatments occur in exactly one column. 
 
Pearce (1952) developed a number of designs of the latin square type. He considered the 
analysis and layout for latin squares with an additional column, with an additional row 
and an additional column, and with a column added and a row omitted. Shrikhande 
(1951) considers some general classes of designs for the two-way elimination of 
heterogeneity. 
 
Kiefer (1975) introduced Generalized Youden Designs (GYD) as a generalization of 
usual latin square and Youden square designs.  A p x q row-column design in v 
treatments is called a GYD if it is a balanced block design in both directions.  Clearly, for 
a GYD, r1 = r2 =...= rv = pq/v.  The C-matrix of a GYD has all the diagonal elements 
equal and all the off-diagonal elements equal.  In other words, a GYD is a variance-
balanced design.  When p = q = v, a GYD reduces to a latin square design, and for p < v, 
q = v(mv), a GYD is simply a Youden square design. 
 
When number of rows is equal to the number of columns in a row-column design, Cheng 
(1981) introduced another important class of variance balanced designs called Pseudo-
Youden designs (PYD).  A PYD is a row-column design with number of rows equal to 
the number of columns and the rows and the columns taken together form a balanced 
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block design.  Clearly, for a PYD, r1 = r2 = … = rv = p2/v.  A square GYD is a PYD, but 
the converse is not always true. 
 
A pxq array containing entries from a finite set of v treatment symbols will be called a 
Youden Type (YT) design if the ith symbol occurs in each row mi times, i=1,2,...,v where 
mi = ri/p and ri is the replication of the ith treatment in the array. YSD’s are covered in this 
class of designs. 
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1.   Introduction 
These designs were introduced by Yates in order to eliminate heterogeneity to a greater extent 
than is possible with randomized blocks and Latin squares when the number of treatments is 
large. The precision of the estimate of a treatment effect depends on the number of 
replications of the treatment - if larger is the number of replications, the more is the precision.  
Similar is the case for the precision of estimate of the difference between two treatment 
effects. If a pair of treatment occurs together more number of times in the design, the 
difference between these two treatment effects can be estimated with more precision. To 
ensure equal or nearly equal precision of comparisons of different pairs of treatment effects, 
the treatments are so allocated to the experimental units in different blocks of equal sizes such 
that each treatment occurs at most once in a block and it has an equal number of replications 
and each pair of treatments has the same or nearly the same number of replications.  When the 
number of replications of all pairs of treatments in a design is the same, then we have an 
important class of designs called Balanced Incomplete Block (BIB) designs and when there 
are unequal number of replications for different pairs of treatments, then the designs are 
called as Partially Balanced Incomplete Block (PBIB) designs.  
 
2.   Balanced Incomplete Block (BIB) Designs 
A BIB design is an arrangement of v treatments in b blocks each of size k (<v) such that   
(i) Each treatment occurs at most once in a block 
(ii) Each treatment occurs in exactly r blocks 
(iii) Each pair of treatments occurs together in exactly λ blocks. 
 
Example 2.1:  A BIB design for v = b = 5, r = k = 4 and λ = 3 in the following: 
 

 (I) 1       2       3       4 
 (II) 1       2       3       5 

    Blocks  (III) 1       2       4       5 
 (IV) 1       3       4       5 
 (V) 2       3       4       5 

 
The symbols v, b, r, k, λ are called the parameters of the design.  These parameters satisfy the 
relations 
  vr = bk          …(2.1) 
and        λ(v-1) = r(k-1)         …(2.2) 
 
 
Each side of equation (2.1) represents the total number of experimental units or plots in the 
design. Equation (2.2) can be established by noting that a given treatment occurs with (k-1) 
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other treatments in each of r blocks and also occurs with each of the other (v-1) treatments in  
λ  blocks. 
 
A BIB design cannot exist unless (2.1) and (2.2) are satisfied. For instance, no design exists 
for v = b = 6 and r = k = 3 since, from (2.2) λ=6/5 is not an integer.  However, these 
conditions are not sufficient for the existence of a BIB design. Even if both (2.1) and (2.2) are 
satisfied, it does not follow that such a design exists.  For example, no BIB design exits for v 
= 15, b = 21, r = 7, k = 5, and λ = 2 even though both conditions are satisfied. In search of a 
criterion for the availability of a BIB design, Fisher proved that no design with b<v is  
possible. 
 
2.1   Construction of BIB Designs 
There is no single method of constructing all BIB designs. Solutions of many designs are still 
unknown.  We describe below a few well known series of BIB designs. 
 
2.1.1   Unreduced BIB Designs 
These designs are obtained by taking all combinations of the v treatments k at a time.  
Therefore, the parameters of all unreduced BIB designs are: 
 

v, k, b = v
k

v-1
k-1

v-2
k-2C ,  r =  C ,   =  Cλ       

 
The BIB design for v = 5 treatments given in the previous section is an example of an 
unreduced design. These unreduced designs usually require a large number of blocks and 
replications so that the resulting designs will often be too large for practical purposes. 
 
2.1.2   BIB Designs using MOLS  
Before we describe the method, we explain the concept of mutually orthogonal latin squares 
(MOLS) which will be used in the construction of BIB designs. 
 
A latin square of order s is an arrangement of s symbols in an sxs array such that each symbol 
occurs once in each row and once in each column of the array. For example, the following are 
4x4 latin squares of order 4 in symbols A, B, C, and D: 
 
 A  B  C  D       A  B  C  D      A  B  C  D 
 B  A  D  C      C  D  A  B      D  C  B  A 
 C  D  A  B      D  C  B  A      B  A  D  C 
 D  C  B  A      B  A  D  C     C  D  A  B 
 
Two latin squares are pairwise orthogonal if, when one square is superimposed on the other, 
each symbol of one latin square occurs once with each symbol of the other square.  Three or 
more squares are mutually orthogonal if they are pair-wise orthogonal. The three 4x4 latin 
squares above are mutually orthogonal. 
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A complete set of s-1 mutually orthogonal latin squares is known to exist for any s= pn, where 
p is a prime number. Tables can be found in Fisher and Yates (1963). Now we describe the 
methods of constructing BIB designs using MOLS. 
 
Suppose v= s2 treatments are set out in an s x s array.  A group of s blocks each of size s is 
obtained by letting the rows of the array represent blocks. Another group of s blocks is given 
by taking the columns of the array as blocks. Now suppose one of the orthogonal latin squares 
is superimposed on to the array of treatments. A further group of s blocks is obtained if all 
treatments common to a particular symbol in the square are placed in a block. Each of the s-1 
orthogonal squares produces a set of s blocks in this manner. The resulting design is a BIB 
design with parameters v=s2, b=s2+s, k=s, r=s+1, λ=1. 
 
Example 2.2:  For v = 32 = 9 treatments a 3 x 3 array and a complete set of mutually 
orthogonal latin squares of order 3x3 are : 
 1  2  3      A  B  C      A  B  C 
 4  5  6      C  A  B      B  C  A 
 7  8  9      B  C  A      C  A  B 
 
Four groups of 3 blocks are obtained from the rows, columns and the symbols of the two 
squares, as follows: 
  (1  2  3)    (1,  4,  7) 
Rows  (4  5  6)  Columns (2,  5,  8) 
  (7  8  9)    (3,  6,  9) 
 
  (1,  5,  9)    (1,  6,  8) 
First square (2,  6,  7)      Second square (2,  4,  9) 
  (3,  4,  8)    (3,  5,  7) 
 
It can be checked that this is a BIB design with parameters v=9, b=12, r=4, k=3, and λ=1. 
 
2.1.3   Complementary Design 
The complement of the design in Example 2.2 obtained by replacing treatments in a block by 
those which do not occur in the block, is the following: 
 
 ( 2, 5,  6,  7,  8,  9)   (2,  3,  5,  6,  8,  9) 
 (1,  2,  3,  7,  8,  9)   (1,  3,  4,  6,  7,  9) 
 (1,  2,  3,  4,  5,  6)   (1,  2,  4,  5,  7,  8) 
 
 (2,  3,  4,  6,  7,  8)   (2,  3,  4,  5,  7,  9) 
 (1,  3,  4,  5,  8,  9)   (1,  3,  5,  6,  7,  8) 
 (1,  2,  5,  6,  7,  9)   (1,  2,  4,  6,  8,  9) 
 
The complementary is also a BIB design with parameters v=9, b=12, r=8, k=6, λ= 5. In 
general if, we have a BIB design with parameters v, b, r, k, λ then its complementary design 
is a BIB design with parameters v′= v, b′=b, r′= b-r, k′ = v -k, λ′ = b-2r + λ. 
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The complementary design of the design with parameters v=s2, b=s2+s, k=s, r=s+1, λ=1 
obtained above will be a BIB design with parameters  
 

v =s2, b = s(s+1), r = s2-1, k = s(s-1), λ = s2 -s -1.          
 
The s(s+1) blocks of the design for v=s2 treatments have been arranged in s+1 groups of s 
blocks each. Now suppose a new treatment is added to all the blocks in a particular group and 
that the treatment added is different for each group; also, that one further block is added 
which consists entirely of these s+1 new treatments. This method produces a second series of 
BIB design with parameters v = b = s2 + s + 1,   r = k = s  + 1, λ =1. Its complement is also a 
BIB design with parameters v=b=s2+s+1, r=k=s2, λ = s(s-1).    
     
2.1.4   Symmetric BIB Designs  
A BIB design in which v=b or r=k is called a symmetric BIB design. In symmetric BIB 
designs any two blocks have λ treatments in common. 
 
2.1.5   α-Resolvable and Affine α-Resolvable Designs 
It has been seen in section 2.1.2 above that the blocks of the designs v=s2, b = s2+ 1, r=s+1, 
k=s, λ=1 can be divided into (s+1) groups, each consisting of s blocks such that in each group 
each of the treatments is replicated once. That is, each group is a complete replicate.  Such 
designs are called resolvable designs or 1-resolvable designs. 
 
In general a BIB design is called α-Resolvable if its blocks can be divided into t groups each 
consisting of m blocks such that in each group every treatment appears exactly α  times. 
 
In addition to this, if any two blocks of the design belonging to the same group have a 
constant number of treatments in common, say q1, and any two blocks belonging to different 
groups have a constant number of treatments in common, say q2, then the design is called 
affine α-resolvable BIB design. 
 
2.1.6   Dual Design 
The dual of a BIB design with parameters v, b, r, k, λ is obtained by interchanging the 
treatment and block symbols in the original design. The parameters of the dual design are v′ = 
b,  b′ = v, r′ = k, k′=r.  The dual of a BIB design is not always a BIB design. If the original 
design is a symmetrical BIB design, then its dual is also a BIB design with the same 
parameters. 
 
2.1.7   Residual Design 
In a synmmetric BIB design with parameters v=b, r=k, λ delete one block and also those 
treatments which appear in this (deleted) block from the remaining (b-1) blocks, the design so 
obtained is known as the residual design. The residual design is also a BIB design with 
parameters v* = v - k, b*= b-1, r*=r, k* = k-λ, λ. 
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2.1.8   Derived Design 
By deleting any block of a symmetric BIB design with parameters v=b, r=k, λ and retaining 
all the treatments in b-1 blocks that appear in the deleted block, we obtain a BIB design which 
is called the derived design. The parameters of the derived design are v′′ = k,  b′′= b-1, r= r-1,  
k= λ, λ = λ-1. 
 
2.2   Randomization Procedure 
(i)  Allot the treatment symbols (1,2,...,v) to the v treatments at random. 
(ii) Allot the groups of k treatments to the b blocks at random. 
(iii) Randomize the positions of the treatment numbers within each block. 
 
2.3   Statistical Analysis 
Consider the following model: 

Observation = General mean + treatment effect + block effect + random error. 
 

Random errors are assumed to be independently and identically distributed normally with 
mean zero and constant variance σ2. On minimising the error sum of squares with respect to 
the parameters, we get a set of normal equations which can be solved to get the estimates of 
different contrasts of various treatment and block effects. 
 
Now we compute  
  G = Grand total of observations  
 y = grand mean = G/n, where n= vr = bk = total number of observations 
 Ti = Sum of obervations for treatment i, (i=1,2,..., v) 
 Bj = Sum of observations in block j, (j=1,2,..., b) 
 CF= G2/ n, 
 Qi = adjusted ith treatment total 
      = Ti - (Sum of block totals in which treatment i occurs) / Block size (k) 
A solution for the ith treatment effect is, 
 τ̂   = (k Qi)  / ( λ  v)  (i = 1,2, ..., v) 
 

Adjusted treatment mean for treatment i= ith treatment effects ( iτ̂ ) + grand mean ( y ). 
 

Various sums of squares can be obtained as follows: 
(i) Total Sum of Squares (TSS) = Σ (observations)2 - CF 
(ii) Treatment  Sum of Squares unadjusted  (SSTu) = [Σ Ti

2 ] /r - CF 
(iii)  Block Sum of Squares unadjusted (SSBU) =  [Σ Bj

2 ]  / k - CF 
(iv)  Treatments Sum of Squares adjusted (SSTA) = Σ îτ  Qi 
(v) Error SS  (SSE)  = TSS  - SSBU  - SSTA 
(vi) Blocks sum of squares adjusted (SSBA) = SSTA + SSBU - SSTU 
 
The analysis of variance for a BIB design is given below: 
 



                                                                         Incomplete Block Designs                                             

 II-168

Table 2.1: ANOVA for a BIB (v, b, r, k, λ) Design 
 

Source D.F. SS MS F 
Treatment (unadj.) v-1 SSTu   
Blocks (unadjusted) b-1 SSBu   
Treatments (adjusted) v-1 SSTA MST MST/MSE 
Blocks adjusted b-1 SSBA MSB MSB/MSE 
Error n-b-v+1 SSE MSE  
Total  n-1 TSS   

 

Note:  MST = SSTA / (v-1),  MSB = SSBA / (b-1) and MSE  = SSE  / (n -b- v + 1) 
Coefficient of Variation = ( MSE / y ) x 100 

Standard error of difference between two adjusted treatment means = [ ]2 1/2k MSE /  ( v)λ . 

 C.D.  =  t0.05 x [ ]2 1/2k MSE /  ( v)λ  
 
Exercise 2.1: The following data relate to an experiment conducted using a BIB design with 
parameters v=4, b=4, r=3, k=3, λ  =2. The layout plan and yield figures (in coded units) are 
tabulated below: 
 

Block Number Treatments and yield figures 
    

1 (1)  77 (2)  85 (3)   60 
2 (1)  70 (2)  67 (4)   54 
3 (1)  69 (3)  62 (4)   40 
4 (2)  72  (3)  63 (4)   55 

 

Carry out the analysis. 
 
Solution: Grand Total = G = 77 + 85+60 + ... + 55 = 774, 

No. of observations = n = 12, Grand Mean = y  = G/n = 64.5, 

No. of Replications = r  = 3, Block size = k = 3, C.F.= G2 /n = 599076
12

= 49923 

(1) (2) (3) (4) (5) (6) (7) (8) (9) 
Treat.
/Bloc
k No. 

(Ti) (Bj) Blocks No’s 
in which 
Treat. i occurs 

Bj
j i( )
∑

 
B kj

j i

/
( )
∑

 
Qi  iτ̂

 

=kQi/ λv  ith  
treat. effect 

Adj. 
treat. 
mea
n 

1 216 222 1,2,3 584 194.67 21.33 8.0 72.5
0 

2 224 191 1,2,4 603 201 23.00 8.63 73.1
3 

3 185 171 1,3,4 583 194.33 - 9.33 -3.50 61.0
0 

4 149 190 2,3,4 552 184 -35.00 -13.13 51.3
7 
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Treat. Total T1 =  77+70+69 = 216, etc.,  Block Total  B1 = 77 +85+60  = 222, etc. 
Total of blocks in which treat. i occurs  Bj

j i( )
∑ = 222+191+171 = 584, etc.  

Adj. treat. total (Qi) = Ti - B kj
j i( )

/∑  = Ti - 584/3= 21.33, etc.  

Total S.S.(TSS) = Σ(observation)2 - CF=772 +852+...+552 - CF = 51442 - 49923 = 1519 
Treatment S.S. unadj.   (SSTu)  = (Σ Ti

2 ) / r  - CF =  153258  - 49923   =  1163 

Block  S.S. unadj. (SSBu)  =  (ΣBj
2 ) / k – CF =  151106

3
  -  49923  = 445.67 

Treatment S.S. adj.(SSTA)  =  Σ iτ̂  Qi  = 861.34 
Error S.S. (SSE)  = TSS-SSBu - SSTA = 1519 - 445.67-861.34 = 211.99 
Block S.S. adj.(SSBA )  = SSTA  + SSBu  - SSTu =  861.34 + 445.67 – 1163 =  144.01 
 

ANOVA 
Source d.f. S.S. M.S. F 

Blocks (unadj.) 3 445.67   
Treatments (adj.) 3 861.34 287.11 6.75 
Blocks (adj.) 3 144.01 48.00 1.13 
Treatments (unadj.) 3 1163.00   
Error 5 211.99 42.40  
Total 11 1519   

 

Table Value F (3,5)  =  9.0135   (at 5% level of significance)                    
Treatment effects are not significant.   

CD  = t0.05 x [ ]2 1/2k MSE /  ( v)λ   =  2.57  2 3
2 4

42 40x
x

x .   =  14.4926 

 T1  T2  T3  T4  
Adjusted Treatment Means: 72.50 73.13 61.00 51.37 

 

T1   -  T2    = -0.63, T1   -  T3    = 11.5 
T1   -  T4    =  21.13    T1 is significantly different from T4 
T2   -  T3    = 12.13 
T2   -  T4    = 21.76    T2 is significantly different from T4 
T3    -  T4   = 9.63, 
 
3.   Partially Balanced Incomplete Block (PBIB) Designs 
BIB designs may not fit well to many experimental situations as these designs require a large 
number of replications. Moreover, these designs are not available for all numbers of 
treatments and block sizes. To overcome these difficulties PBIB designs were introduced.  In 
these designs the variance of every estimated elementary contrast among treatment effects is 
not the same. The definition of PBIB designs is based on the association scheme. 
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Association Scheme   
Given v treatment symbols 1,2,..,v, a relation satisfying the following conditions is called an 
m-class association scheme (m ≥2). 
(i)  Any two symbols are either 1st, 2nd,..., or mth associates; the relation of association being 

symmetric, i.e., if the symbol α is the ith associate of β, then β is the ith associate of α. 
(ii)  Each symbol α has  ni ith associates, the number ni being independent of α, 
(iii) If any two symbols α and β are ith associates, then the number of symbols that are jth 

associates of α and kth associate of β is pi
jk and is independent of the pair of ith associates  

α and β. 
 
The numbers v, ni and pi

jk (i,j,k=1,2,...,m) are called the parameters of the association scheme 
and satisfy the following relations: 

1
1

−=∑
=

vn
m

i
i         

1
1

−=∑
=

j

m

k

i
jk np ,   if i =j                     

= nj ,    if  i ≠j        
  

nipi
jk  =  njpj

ik          
 
Example 3.1: Consider v=12 treatments denoted by numbers 1 to 12.  Form 3 groups of 4 
symbols each as follows: (1,2,3,4), (5,6,7,8), (9,10,11,12). We now define any two treatments 
as first associates if they belong to the same group, and second associates if they belong to the 
different groups. Here, n1 = 3, n2 = 8. 
  
Definition: Given an association scheme with m classes (m ≥2) we have a PBIB design with 
m associate classes based on the association scheme, if the v treatment symbols can be 
arranged into b blocks, such that 
(i)   Every symbol occurs at most once in a block. 
(ii)  Every symbol occurs in exactly r blocks. 
(iii) If two symbols are ith associates, then they occur together in λi blocks, the number λi 

being independent of the particular pair of ith associates α and β. 
 

The numbers v, b, r, k, λi (i=1,2,...,m) are called the parameters of the design. It can be easily 
seen that 

  vr = bk  and )1(
1

−=∑
=

krn i

m

i
iλ .       

It may be mentioned that as in the case of BIB designs, the complementary design of a PBIB 
with parameters v,b,r,k,λi is also a PBIB design having the same association scheme with the 
parameters v*=v, b*=b, r*=b-r, k*=v-k, λi

*=b-2r+λi. 
 

Two-class association schemes and the two-associate PBIB designs have been extensively 
studied in the literature and are simple to use. As an illustration, we describe Group Divisible 
(GD) association scheme and the designs based on it. 
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3.1   GD Association Scheme  
Let v = mn symbols be arranged into m groups of n symbols each. A pair of symbols 
belonging to the same group is first associates [n1 = n-1] and a pair of symbols belonging to 
different groups is second associates [n2 = n(m-1)]. A PBIB (2) design based on a GD scheme 
is called a GD design.  
 
3.2  Some GD Designs 
Method 1: Let D be a BIB design with parameters v = m, b, r, k, λ. Obtain a design D* from 
D by replacing the ith treatment (i=1,2,...,v) in D by n new treatment symbols i1,i2,...,in.  D* is 
a group divisible design with the following parameters v*= mn, b*= b, r*= r, k*= nk, m, n, λ1 
=r , λ2=λ. 
 

Example 3.1: Consider the following BIB design with parameters (4, 4, 3, 3, 2): 
 (1 2 3) 
 (1 2 4) 
 (1 3 4) 
 (2 3 4) 
 

Replacing 1 by a, b; 2 by c, d; 3 by e, f and 4 by g, h, the following GD design with 
parameters v = 8, b = 4, r = 3, k = 6, λ1 =3 , λ2 = 2. is obtained: 
 (a b c d e f) 
 (a b c d g h) 
 (a b e f g h) 
 (c d e f g h) 
 

 
Method 2: By omitting the blocks in which a particular treatment, say θ, occurs from a BIB 
design with the parameters v, b, r, k, λ =1, we obtain a GD design consisting of the remaining 
blocks with the parameters v* =v-1, b*=b-r, r* = r-1, k*=k,  m=r, n=k-1, λ1=0, λ2= 1. 
 

Exercise 3.1: A varietal trial on wheat crop was conducted using a two-associate class PBIB 
design. The parameters of the design are v = b = 9, r = k = 3,  λ1 = 1, λ2 = 0, n1 = 6, n2 = 2. 
The data along with the block contents are given below: Analyse the data. 
 

     Blocks                                 
        I         59 (3)     56  (8)                     53 (4) 
       II       35 (2)      33 (7)           40 (4) 
       III         48 (1)       42 (7)           42 (5) 
       IV       46 (7)        56 (8)           51 (9) 
        V        61 (4)        61 (5)           55  (6) 
       VI       52  (3)        53 (9)           48 (5) 
      VII       54 (1)        58 (8)           62 (6)  
      VIII       45 (2)        46 (9)           47 (6)  
        IX       31 (1)        27 (2)           35 (3)    

    Figures within brackets are treatment numbers. 
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4.   Lattice Designs 
Lattice designs form an important class of useful incomplete block designs. These designs 
were originally introduced by Yates (1936). Here, we shall deal with square lattices, 
rectangular lattices and cubic lattice designs. 
 
4.1   Square Lattice Designs 
The characteristic feature of these designs are that the number of treatments is a perfect 
square and the block size is the square root of this number. Moreover, incomplete blocks are 
combined in groups to form separate replications. The numbers of replications of the 
treatments are flexible in these designs and are useful for situations in which a large number 
of treatments are to be tested. If the design has two replications of the treatments, it is called a 
simple lattice; if it has 3 replications it is called a triple-lattice and so on. In general, if the 
number of replications is m, it is called an m-ple lattice. Square lattice designs can be 
constructed as follows: 
 
Method of Construction 
Let there be v = s2 treatments, numbered as 1,2,... , s2.  Arrange these treatment numbers in 
the form of a s x s square which we call here as standard array. The contents of each of the s 
rows of this array are taken to form a block giving thereby s blocks each of size s.  Further the 
contents of columns of this array are taken to form blocks giving another set of s blocks 
forming another complete replication.  Next a s x s  latin square is taken and is superimposed 
on the above standard array of treatment numbers. The treatment numbers that fall on a 
particular symbol of the latin square are taken to form a block. Thus we get s blocks 
corresponding to the s symbols of the latin square. Again, another latin square orthogonal to 
the previous one is taken and from this square also, another set of s blocks is obtained in the 
same manner. The process is repeated to get further replications. The process is continued till 
m - 2 (≤ s - 1, if s is a prime or power of a prime) mutually orthogonal latin squares are 
utilized. When the complete set of (s-1) mutually orthogonal latin squares( if such a set exists)  
is utilized, the designs becomes a balanced (s + 1) - lattice. A balanced lattice is a BIB design. 
 
Example 4.1: Let v = 32 = 9 and k = 3. 
  Standard Array    MOLS 
             1      2       3      A      B      C          A      B       C 
                        4      5       6                             B      C      A          C      A       B 
                        7      8       9                             C      A      B          B      C       A 
 

 Blocks 
 1 (1,2,3)   7 (1,6,8)  

Rep.I 2 (4,5,6)  Rep.III 8 (2,4,9)  
 3 (7,8,9)   9 (3,5,7)  
        
 4 (1,4,7)   10 (1,5,9)  

Rep.II 5 (2,5,8)  Rep.IV 11 (2,6,7)  
 6 (3,6,9)   12 (3,4,8)  
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All the four replications, in the above arrangement form a balanced lattice which is a BIB 
design with v = 9 , b = 12, r = 4, k = 3, λ = 1. 
 
Randomisation 
The randomisation consists of the following steps: 
1. Allot the treatments to the treatment numbers at random. 
2.  Randomise the replications. 
3. Randomise the blocks separately and independently within replication. 
4. Randomise the treatments separately and independently within each block. 
 
Steps 2 to 3 give each treatment and equal chance of being allotted to any experimental unit. 
These steps correspond to the allotment of treatments to units at random in an ordinary 
random choice of treatments which form the blocks of the design. If differences among blocks 
are large, the error variance per plot for the mean of a group of treatments that lie in the same 
block may be considerably higher than the average error variance. This additional 
randomisation ensures that the average error variance may be used, in nearly all cases, for 
comparisons among groups of treatments.  
 
When a plan is repeated to obtain extra replications, a separate randomisation must be carried 
out for each additional replicate. 
 
Exercise 4.1: The following table gives the synthetic yields per plot of an experiment 
conducted with 32=9 treatments using a simple lattice design.  
 

Rep I  Rep II 
Blocks
↓ 

Treatments  (yield per plot) 
 

 Blocks↓ Treatments (yield per plot)

1 1 (8) 7 (5) 4 (3)  4 8 (2) 7 (2) 9 (7) 
2 3 (3) 6 (2) 9 (6)  5 4 (3) 5 (3) 6 (3) 
3 8 (3) 5 (7) 2 (3)  6 2 (2) 3 (4) 1 (6) 

Analyse the data. 
 
4.2   Rectangular Lattice Designs 
Harshbarger (1947, 1949) developed rectangular lattices for s (s + 1) treatments in blocks of 
size s units. These designs form a useful addition to the square lattices. The statistical analysis 
of these designs is quite similar to that for simple and triple latices, though it takes more time 
because the block adjustments are not so simple as with square lattices. The new designs are 
less symmetrical than the square lattices, in the sense that there is a greater variation in the 
accuracy with which two treatment means are compared.   
 
Method of Construction 
There are several methods of constructing  rectangular lattice designs we describe below one 
suggesting by G.S.Watson which uses a latin square with (s+1) rows and columns, in which 
every letter in the leading diagonal is different. When writing down the square we attach a 
number to all letters expect those in the leading diagonal, as illustrated below for a 4 x 4 
square. 
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BA12D11C10
C9DA8B7

6A5BC4D
D3C2B1A

 

 
In the first replication we place in a block all numbers that lie in the same row of the latin 
square, in the second replication all numbers that lie in the same column, and in the third all 
numbers that have the same latin letter. 
 

         Blocks 
 1 (1,2,3) 
Rep.I 2 (4,5,6) 
 3 (7,8,9) 
 4 (1,4,7) 
   
 5 (4,7,10) 
 Rep.II         6 (1,8,11) 
 7 (2,5,12) 
 8 (3,6,9) 
   
 9 (6,8,12) 
Rep.III 10 (1,5,7) 
 11 (2,9,10) 
 12 (3,4,11) 

 
 
By using the first 2 replications from any plan we obtain a rectangular lattice in 2 replications, 
which by means of repetitions can be used for an experiment in 4,6,8, etc., replications. By 
using all 3 replications of the plan we have designs for 3,6,9, etc., replications. 
 
4.3   Cubic Lattice Designs 
Cubic lattice designs were introduced by Yates for plant breeding experiments in which 
selection are to be made from an unusually large number of varieties. The number of 
treatments must be an exact cube. The most useful range comprises 27, 64, 125, 216, 343, 
512, 729, and 1000 treatments. The size of the block is the cube root of the number of 
treatments, i.e., 3,4,5,,6,7,8,9, and 10, respectively. Thus cubic lattices can accommodate a 
large number of treatments in a small size of incomplete block. The designs have been used, 
for example, in an experiment with 729 strains of ponderosa pine seedlings and an experiment 
with 729 soybean varieties. The number of replicates must be 3 or some multiple of 3. 
 
To obtain a plan, the s3 treatments are numbered by means of a three-digit code in which each 
digit takes all values from 1 to p.  For 27 treatments, the codes are as given below: 
 
 

Treatment No. Code Treatment No. Code Treatment No. Code 
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1 
2 
3 

111 
211 
311 

4 
5 
6 

121 
221 
321 

7 
8 
9 

131 
231 
331 

10 
11 
12 

112 
212 
312 

13 
14 
15 

122 
222 
322 

16 
17 
18 

132 
232 
332 

19 
20 
21 

113 
213 
313 

22 
23 
24 

123 
223 
323 

25 
26 
27 

133 
233 
333 

 
The same principle applies with a large number of treatments. For the first s treatments, the 
last two digits are fixed at (11) while the first digit runs from 1 to s. The next s treatments are 
coded by fixing the last two digits at (21) while the first digit again runs from 1 to s, and so on 
in a systematic manner until the final s treatments are reached, for which the last two digits 
have the fixed values (ss). Within each of the 3 replications, the s3 treatments are grouped into 
s2 blocks, each of size s.  In the first replication, the rule for this grouping is to keep the last 
two digits constant within a block, allowing the first digit to take values from 1 to s.  Thus, in 
the example below, the 9 group of treatments constitute the 9 blocks. Block 1 containing the 
treatments (111), (211), and (311). 
 
To form the blocks in the second replication, we keep the first and the last digits fixed within 
any block and given the second digit all values from 1 to s. With 27 treatments, the first block 
therefore contains (111), (121), and (131), the second block (211), (221), (231), and the last 
block (313), (323), and (333).  In the third replication, the first and the second digits are 
constant within each block. The composition of the blocks in the second and third replication 
is shown below: 
 

 Replication-II 
Treatment No. Code Treatment No. Code Treatment No. Code 

Block 1 
1 
4 
7 

 
111 
121 
131 

Block 2 
2 
5 
8 

 
211 
221 
231 

Block 3 
3 
6 
9 

 
311 
321 
331 

Block 4 
10 
13 
16 

 
112 
122 
132 

Block 5 
11 
14 
17 

 
212 
222 
232 

Block 6 
12 
15 
18 

 
312 
322 
332 

Block 7 
19 
22 
25 

 
113 
123 
133 

Block 8 
20 
23 
26 

 
213 
223 
233 

Block 9 
21 
24 
27 

 
313 
323 
333 

 
Replication-III 

Treatment 
No. 

Code Treatment  
No. 

Code Treatment 
No. 

Code 
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Block 1 
1 
10 
19 

 
111 
112 
113 

Block 2 
2 
11 
20 

 
211 
212 
213 

Block 3 
3 
12 
21 

 
311 
312 
313 

Block 4 
4 
13 
22 

 
121 
122 
123 

Block 5 
5 
14 
23 

 
221 
222 
223 

Block 6 
6 
15 
24 

 
321 
322 
323 

Block 7 
7 
16 
25 

 
131 
132 
133 

Block 8 
8 
17 
26 

 
231 
232 
233 

Block 9 
9 
18 
27 

 
331 
332 
333 
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Lattice designs form an important class of useful incomplete block designs.  Yates (1936) 
originally introduced these designs.  Here we shall deal with square lattices, rectangular 
lattices and cubic lattice designs. 
 
1.  Square Lattice Designs 
Balanced incomplete block (BIB) designs are the most efficient designs in the class of 
binary incomplete block designs but these designs require usually a large number of 
replications and are not available for all combinations of parametric values.   To 
overcome these difficulties Yates (1936) introduced a class of designs known as quasi-
factorials or lattice designs.  The characteristic features of these designs are that the 
number of treatments is a perfect square and the block size is the square root of this 
number.  Moreover, incomplete blocks are combined in groups to form separate 
replications.    The numbers of replications of the treatments are flexible in these designs 
and are useful for situations in which a large number of treatments are to be tested.  If the 
design has two replications of the treatments, it is called a simple lattice; if it has 3 
replications it is called a triple-lattice and so on.  In general, if the number of replications 
is m, it is called an m-ple lattice.  Square lattice designs can be constructed as follows: 
 
1.1  Method of Construction 
Let there be v = s2 treatments, numbered as 1, 2, ..., s2.  Arrange these treatment numbers 
in the form of a s x s square which we call here as standard array.  The contents of each 
of the s rows of this array are taken to form a block giving thereby s blocks each of size s.  
Further the contents of columns of this array are taken to form blocks giving another set 
of s blocks forming another complete replication.  Next a s x s  latin square is taken and 
is superimposed on the above standard array of treatment numbers.  The treatment 
numbers that fall on a particular symbol of the latin square are taken to form a block.  
Thus we get s blocks corresponding to the s symbols of the latin square.  Again, another 
latin square orthogonal to the previous one is taken and from this square also, another set 
of s blocks is obtained in the same manner.  The process is repeated to get further 
replications. The process is continued till m - 2 (≤ s - 1, if s is a prime or power of a 
prime) mutually orthogonal latin squares are utilized.  When the complete set of (s-1) 
mutually orthogonal latin squares (if such a set exists) is utilized, the designs becomes a 
balanced (s + 1) - lattice.  A balanced lattice is a BIB design. 
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Example: Let v = 32 = 9 and k = 3. 
 
  Standard Array  Mutually orthognal latin squares 
             1      2       3   A      B      C          A      B       C 
                        4      5       6                             B      C      A          C      A       B 
                        7      8       9                             C      A      B          B      C       A 
 

        Blocks  
1 (1,2,3)  

Rows 2 (4,5,6) Rep.I 
3 (7,8,9)  
4 (1,4,7)  

Columns 5 (2,5,8) Rep.II 
Corresponding to 6 (3,6,9)  
 7 (1,6,8)  

1st latin square 8 (2,4,9) Rep.III 
 9 (3,5,7)  
 10 (1,5,9)  

2nd latin square 11 (2,6,7) Rep.IV 
 12 (3,4,8)  
 
All the four replications, in the above arrangement, form a balanced lattice which is a 
BIB design with v = 9, b = 12, r = 4, k = 3, λ = 1. 
 
1.2   Randomization 
The randomization consists of the following steps: 
1. Allot the treatments to the treatment numbers at random. 
2.  Randomize the replications. 
3. Randomize the blocks separately and independently within replication. 
4. Randomize the treatments separately and independently within each block. 
 
Steps 2 to 3 give each treatment and equal chance of being allotted to any experimental 
unit.  These steps correspond to the allotment of treatments to units at random in an 
ordinary random choice of treatments that form the blocks of the design.  If differences 
among blocks are large, the error variance per plot for the mean of a group of treatments 
that lie in the same block may be considerably higher than the average error variance.  
This additional randomization ensures that the average error variance may be used, in 
nearly all cases, for comparisons among groups of treatments.  
 
When a plan is repeated to obtain extra replications, a separate randomization must be 
carried out for each additional replicate. 
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1.3 Statistical Analysis 
Compute  G = grant total  
     Y  = grand mean 
     Ti = sum of observations for treatment i, (i = 1,2,... , s2) 
                Bj = sum of observations in block j, (j = 1,2,..., ms) 
     CF= G2/n, where n = ms2      
      Qi = adjusted ith  treatment total  
                      = Ti  - (Sum of block totals in which treatment i occurs)/ Block size (s) 
 
           SR(Qi) =  Sum of Q’s for treatments including i which are in the same row of  

treatment i in the standard array. 
          SC(Qi) = Sum of Q’s for treatments including i which are in the same column of 

treatment i in the standard array.  
          SJ(Qi)  =  Sum of Q’s for those treatments including i which fall under the same 

letter of treatment i when jth mutually orthogonal latin square is 
superimposed on the standard array ( J = 1,2,... , m-2) 

 

The ith treatment effect, 

ti  = ⎥
⎦

⎤
⎢
⎣

⎡
+++ ∑

=

2-m

1J
iJiCiR

i )Q(S)Q(S)Q(S
1)s-m(m

1
m
Q

,  i= 1,2,... , s2             (1) 

 

Adjusted treatment mean for treatment i = ith treatment effect (ti) + grand mean (Y ) 
 

Various sums of squares can be obtained as follows: 
(1) Total sum of squares (TSS) = Σ(Observation)2 - CF 
(2) Treatments sum of squares unadjusted (SSTU) = [Σ  Ti

2 ] /m - CF 
(3) Blocks sum of squares unadjusted (SSBU) = [Σ  Bj

2 ] / s - CF 
(4) Treatments sum of squares adjusted (SSTA)= Σ ti Qi
(5) Error SS (SSE) = TSS - SSBU - SSTA 
(6) Blocks sum of squares adjusted (SSBA) = SSTA + SSBU - SSTU 
 

The analysis of variance for an m-ple lattice with v =  s2 treatments in blocks of size s is  
given below: 

Table-1. ANOVA  for an m-ple lattice 
Source DF SS MS F 
Blocks 
(unadjusted) 

ms-1 SSBU   

Treatments 
(adjusted) 

s2 - 1 SSTA MST MST/MSE 

Blocks  
(adjusted) 

ms - 1 SSBA MSB MSB/MSE 

Error (s -1) (ms-s-1) SSE MSE  
Total ms2 - 1 TSS   
Note: MST = SSTA/(s2 - 1) , MSB = SSBA/ (ms-1) and MSE = SSE/[(s-1) (ms-s-1)] 
Coefficient of variation = (√MSE /Y ) x 100 

 193



Lattice Designs 

 
Standard error of the difference between two adjusted treatment means  
(i)  when the two treatments belong to the same row or same column of the standard 

array or fall under the same letter of any latin square  is equal to 

 
2/1

ms
1)(s MSE2
⎥⎦
⎤

⎢⎣
⎡ + , 

 
(ii) when the two treatments don't belong to the same row or same column of the 

standard array or fall  under the same letter is  
 

 
2/1

1)s-m(m
} m  s 1)-MSE{(m 2
⎥
⎦

⎤
⎢
⎣

⎡ + . 

 
Efficiency of lattice design over RBD  
 

 E = 
m1)-(m 1)s(

1)-(m 1)s(
++

+  

 
assuming the same error variance for both the designs. 
 
Example: The following table gives the synthetic yields per plot of an experiment 
conducted with 32 = 9 treatments using a simple lattice design.  

Replication 1  Replication 2 
Blocks↓ Treatments  (yield per plot) 

 
 Blocks↓ Treatments(yield per plot) 

1 1(8) 7(5) 4(3)  4 8(2) 7(2) 9(7) 
2 3(3) 6(2) 9(6)  5 4(3) 5(3) 6(3) 
3 8(3) 5(7) 2(3)  6 2(2) 3(4) 1(6) 
Analyze the data. 
 
Analysis 
Compute  
 Grand Total (G) =  8 + 5 + ... + 6    = 72 
 No. of observations (n)   = 18 

 Grand Mean ( y ) = G/n= 72/18 = 4 

 No. of replications    = 2 
 Block size (k)     = 3 
 CF  = G2/n  = (72)2/18  = 288 
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 (1) (2) (3) (4) (5) (6) (7) (8) (9) 
Treat/
Block 

no. 

Ti Bj Block No’s in 
which treat i 

occurs 

∑
)(ij
B j ∑

)(ij
B j/k Qi 

(2)-(6)
iτ̂  Adj. 

treat. 
mean 

1. 14 16 1,6 28 9.33 4.66 2.50 6.50 
2. 05 11 3,6 25 8.33 -3.33 -2.16 1.84 
3. 07 13 2,6 23 7.66 -0.66 0.33 4.33 
4. 06 11 1,5 25 8.33 -2.66 -1.33 2.66 
5. 10 09 3,5 22 7.33 2.66 0.50 4.50 
6. 05 12 2,5 20 6.66 -1.66 -0.50 3.50 
7. 07  1,4 27 9.00 -2.00 -0.83 3.16 
8. 05  3,4 24 8.00 -3.00 -2.00 2.00 
9. 13  2,4 22 7.33 5.66 3.50 7.50 

 
Note: T1 = 8 + 6 =14, etc. 

 B1 = 8 + 5 + 3 = 16, etc. 

 Total of Block, in which treatment 1 occurs, 

 ∑
)1(j

B j   = 16+12 = 28, etc. 

  
Adjuseted Treatment Total (Q1) = T1 - ∑

)1(j
B j/k = 14 - 9.33 = 4.66 

  =Q
1̂τ 1/2 + [SR(Q1) + SC(Q1)] / (2x3) = 4.66/2 + 1.001/6 = 2.50 

 
 Treatment SR(Qi) SC(Qi) SR(Qi) + SC(Qi) 

1 Q1 +  Q2 + Q3 = 0.667 Q1 +  Q4 + Q7 = 0.334  1.001 
2 Q1 +  Q2 + Q3 = 0.667 Q2 +  Q5 + Q8 = -3.666 -2.999 
3 Q1 +  Q2 + Q3 = 0.667 Q3 +  Q6 + Q9 = 3.333 4.000 
4 Q4 +  Q5 + Q6 = -1.333 Q1 +  Q4 + Q7 = 0.334 -0.999 
5 Q4 +  Q5 + Q6 = -1.333 Q2 +  Q5 + Q8 = -3.666 -4.999 
6 Q4 +  Q5 + Q6 = -1.333 Q3 +  Q6 + Q9 = 3.333 2.000 
7 Q7 +  Q8 + Q9 = 0.667 Q1 +  Q4 + Q7 = 0.334 1.001 
8 Q7 +  Q8 + Q9 = 0.667 Q2 +  Q5 + Q8 = -3.666 -2.999 
9 Q7 +  Q8 + Q9 = 0.667 Q3 +  Q6 + Q9 = 3.333 4.000 

 
Total S.S.(TSS)    = Σ(observation)2 - CF 
       = 82 + 52 + . . . +62 – 288  

= 66 
Treatment S.S. unadjusted (SSTU)   =  (Σ )/m - CF 2

iT
            =  (142 + ... + 132)/2 - 288 
            =  49 
 
Block S.S. unadjusted (SSBU)         =  (Σ )/s - CF 2

jB
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                                  = (162 + ... +122)/3 - 288 
            = 9.33 

Treatment S.S. adjusted(SSTA)       = Σ Q
iτ̂ i

     = 51.44 

Block S.S. adjusted (SSBA)   = SSTA + SSBU - SSTU
             = 51.44 + 9.33 – 49.00 
             = 11.77 

Error S.S. (SSE)        = TSS -SSBU - SSTA
            = 66 – 51.44 – 9.33 
            = 5.23 
 
The analysis of variance Table is given below: 
 

ANOVA 
Source d.f. S.S. M.S. F 
Blocks(unadj.) 5 9.33   
Treatments(adj.) 8 51.44 6.43 4.91 
Blocks(adj.) 5 11.77 2.35 1.79 
Treatments (unadj) 8 49.00   
Error 4 5.23 1.31  
Total 17 66.00   
 

Table value of F(8,4) = 6.04  ( at 5% level of significance) 
Treatment effects are not significantly different. 

SE(1)   =  
3

4MSEx  

  = 74.1  
   =  1.32, if the treatments belongs to same block. 
CD1  = t (.05,4) x  SE1

   = 2.776 x 1.32 
  = 3.66 

SE(2)   =  
3

5MSEx  

  = 183.2  
  =  1.4777, if the treatments belongs to same block. 
CD2  = t(0.05,4) x SE(2) 

= 2.776 x 1.477  
= 4.100. 
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An unbiased estimate of the difference between two treatment effects ( mi ττ ˆˆ − ) is given 
in the table below. 

Treatment m→ 
Treatment i↓ 
 1 2 3 4 5 6 7 8 9 
1 0 4.66 2.17 3.84 2.00 3.00 3.34 4.50 1.00 
2 4.66 0 2.49 0.82 2.66 1.66 1.32 0.16 5.66 
3 2.17 2.49 0 1.67 0.17 0.83 1.17 2.33 3.17 
4 3.84 0.82 1.67 0 1.84 0.84 0.50 0.66 4.84 
5 2.00 2.66 0.17 1.84 0 1.00 1.34 2.50 3.00 
6 3.00 1.66 0.83 0.84 1.00 0 0.34 1.50 4.00 
7 3.34 1.32 1.17 0.50 1.34 0.34 0 1.16 4.34 
8 4.50 0.16 2.33 0.66 2.50 1.50 1.16 0 5.50 
9 1.00 5.66 3.17 4.84 3.00 4.00 4.34 5.50 0 

Bold figures indicate significant at 5% level. 
 
Comparison of ( mi ττ ˆˆ − ) with CD1 when treatments are in the same block and CD2 when 
treatments are not in the same block indicates treatments 1 and 2, 1 and 4, 1 and 8, 2 and 
9, 4 and 9, 6 and 9, 7 and 9, and  8 and 9 are significantly different. 
 
2.  Rectangular Lattice Designs 
Harshbarger (1947, 1949) developed rectangular lattices for s ( s + 1) treatments in 
blocks of size s units.  These designs form a useful addition to the square lattices.  The 
statistical analysis of these designs is quite similar to that for simple and triple latices, 
though it takes more time because the block adjustments are not so simple as with square 
lattices.  The new designs are less symmetrical than the square lattices, in the sense that 
there is a greater variation in the accuracy with which two treatment means are 
compared.   
 
2.1  Method of Construction 
There are several methods of constructing rectangular lattice designs we describe below 
one suggesting by G.S.Watson which uses a latin square with (s+1) rows and columns, in 
which every letter in the leading diagonal is different.  When writing down the square we 
attach a number to all letters expect those in the leading diagonal, as illustrated below for 
a 4 x 4 square. 
 

  

BA12D11C10
C9DA8B7

6A5BC4D
D3C2B1A

 
In the first replication we place in a block all numbers that lie in the same row of the latin 
square, in the second replication all numbers that lie in the same column, and in the third 
all numbers that have the same latin letter. 
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        Blocks    

1 (1,2,3)    
Rows 2 (4,5,6) Rep.I   

3 (7,8,9)    
4 (1,4,7)    
5 (4,7,10)    

Corresponding to  
Columns 

6 (1,8,11) Rep.II   

 7 (2,5,12)    
8 (3,6,9)    

 9 (6,8,12)    
Lattin letters 10 (1,5,7) Rep.III   

11 (2,9,10)    
 12 (3,4,11)    
 
The important feature of this arrangement is that no two treatments are in the same block 
more than one.  The use of a latin square with different letters down the leading diagonal 
ensures that in the third replication the three numbers associated with any letter are all in 
different rows and columns, and hence have not previously occurred together in a block. 
 
By using the first 2 replications from any plan we obtain a rectangular lattice in 2 
replications, which by means of repetitions can be used for an experiment in 4,6,8, etc., 
replications.  By using all 3 replications of the plan we have designs for 3,6,9, etc., 
replications. 
 
Alternatively (as pointed out by S.S.Shrikhande), we may construct the designs from a 
balanced lattice with (s+1)2 treatments.  If the first replication is omitted, and if all 
treatments that appear in any one selected block in the first replicate are omitted in 
subsequent replications, it is easy to verify that we generate designs for s(s+1) treatments 
in which every block is of size s and in which no two treatments appear together more 
than once in the same block.  This method given any number of replicates up to s, though 
of course the method fails when no balanced lattice exists, as with 36 treatments. 
 
3.  Cubic Lattice Designs 
Yates introduced cubic lattice designs for plant breeding experiments in which selection 
are to be made from an unusually large number of varieties.  The number of treatments 
must be an exact cube.  The most useful range comprises 27,64,125,216,343,512,729, and 
1000 treatments.  The size of the block is the cube root of the number of treatments, i.e., 
3,4,5,,6,7,8,9, and 10, respectively.  Thus cubic lattices can accommodate a large number 
of treatments in a small size of incomplete block.  The designs have been used, for 
example, in an experiment with 729 strains of ponderosa pine seedlings and an 
experiment with 729 soybean varieties.  The number of replicates must be 3 or some 
multiple of 3. 
Since the plans are easy to construct and since they occupy a considerable amount of 
space for the higher numbers of treatments, they are not reproduced here.  To obtain a  
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plan, the s3 treatments are numbered by means of a three-digit code in which each digit 
takes all values from 1 to p.  For 27 treatments, the code is given in Table-2. 

Table-2. Treatment codes for 27 treatments 
Treatment 

No. 
Code Treatment 

No. 
Code Treatment 

No. 
Code 

1 
2 
3 

111 
211 
311 

4 
5 
6 

121 
221 
321 

7 
8 
9 

131 
231 
331 

10 
11 
12 

112 
212 
312 

13 
14 
15 

122 
222 
322 

16 
17 
18 

132 
232 
332 

19 
20 
21 

113 
213 
313 

22 
23 
24 

123 
223 
323 

25 
26 
27 

133 
233 
333 

 
The same principle applies with a large number of treatments.  For the first s treatments, 
the last two digits are fixed at (11) while the first digit runs from 1 to s.  The next s 
treatments are coded by fixing the last two digits at (21) while the first digit again runs 
from 1 to s, and so on in a systematic manner until the final s treatments are reached, for 
which the last two digits have the fixed values (ss). 
 
Within each of the 3 replications, the s3 treatments are grouped into s2 blocks, each of 
size s.  In the first replication, the rule for this grouping is to keep the last two digits 
constant within a block, allowing the first digit to take values from 1 to s.  Thus, in the 
example below, the 9 group of treatments constitute the 9 blocks, block 1 containing the 
treatments (111), (211), and (311). 
 
To form the blocks in the second replication, we keep the first and the last digits fixed 
within any block and given the second digit all values from 1 to s.  With 27 treatments, 
the first block therefore contains (111), (121), and (131), the second block (211), (221), 
(231), and the last block (313), (323), and (333).  In the third replication, the first and the 
second digits are constant within each block. 
 
The composition of the blocks in the second and third replication is shown in Table-3. 
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Table-3.  Second and Third Replicates of a Cubic Lattice with 27 Treatments 
Replication-II 

Treatment 
No. 

Code Treatment 
No. 

Code Treatment 
No. 

Code 

Block 1 
1 
4 
7 

 
111 
121 
131 

Block 2 
2 
5 
8 

 
211 
221 
231 

Block 3 
3 
6 
9 

 
311 
321 
331 

Block 4 
10 
13 
16 

 
112 
122 
132 

Block 5 
11 
14 
17 

 
212 
222 
232 

Block 6 
12 
15 
18 

 
312 
322 
332 

Block 7 
19 
22 
25 

 
113 
123 
133 

Block 8 
20 
23 
26 

 
213 
223 
233 

Block 9 
21 
24 
27 

 
313 
323 
333 

Replication-III 
Treatment 

No. 
Code Treatment 

No. 
Code Treatment 

No. 
Code 

Block 1 
1 
10 
19 

 
111 
112 
113 

Block 2 
2 
11 
20 

 
211 
212 
213 

Block 3 
3 
12 
21 

 
311 
312 
313 

Block 4 
4 
13 
22 

 
121 
122 
123 

Block 5 
5 
14 
23 

 
221 
222 
223 

Block 6 
6 
15 
24 

 
321 
322 
323 

Block 7 
7 
16 
25 

 
131 
132 
133 

Block 8 
8 
17 
26 

 
231 
232 
233 

Block 9 
9 
18 
27 

 
331 
332 
333 

 

For more details interested readers may refer to Cochran and Cox (1957), and Dey 
(1986). A catalogue of lattice designs is given in the Appendix. A large number of 
designs with different numbers of replications may be formed out of these designs which 
can be used in various experimental situations. 
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APPENDIX 
LATTICE DESIGNS 

 
                                   PLAN  

Plan I                                                                3x3 balanced lattice 
   v=9, k=3, r = 4, b=12, λ= 1 

Block     Rep.I  Rep.II  Rep.III   Rep.IV        
(1) 1 2 3  (4) 1 4 7  (7) 1 5 9  (10) 1 8 6 
(2) 4 5 6  (5) 2 5 8  (8) 7 2 6  (11) 4 2 9 
(3) 7 8 9  (6) 3 6 9  (9) 4 8 3  (12) 7 5 3 

 
Plan 2 

4×4 balanced lattice 
v=16, k=4, r = 5, b=20, λ= 1 

Block          Rep.I             Rep.II   Rep.III  
(1) 1 2 3 4  (5) 1 5 9 13  (9) 1 6 11 16 
(2) 5 6 7 8  (6) 2 6 10 14  (10) 5 2 15 12 
(3) 9 10 11 12  (7) 3 7 11 15  (11) 9 14 3 8 
(4) 13 14 15 16  (8) 4 8 12 16  (12) 13 10 7 4 

 
  Rep.IV         Rep.V 
 (13) 1 14 7 12  (17) 1 10 15 8 
(14) 13 2 11 8  (18) 9 2 7 16 
(15) 5 10 3 16  (19) 13 6 3 12 
(16) 9 6 15 4  (20) 5 14 11 4 

 
Plan 3     5×5 balanced lattice 

v=25, k=5, r = 6, b=30, λ= 1 
  

 Block        Rep I                              Rep II     
(1) 1 2 3 4 5  (6) 1 6 11 16 21  
(2) 6 7 8 9 10  (7) 2 7 12 17 22  
(3) 11 12 13 14 15  (8) 3 8 13 18 23  
(4) 16 17 18 19 20  (9) 4 9 14 19 24  
(5) 21 22 23 24 25  (10) 5 10 15 20 25  

 
          Rep. III               Rep.IV    

(11) 1 7 13 19 25  (16) 1 12 23 9 20  
(12) 21 2 8 14 20  (17) 16 2 13 24 10  
(13) 16 22 3 9 15  (18) 6 17 3 14 25  
(14) 11 17 23 4 10  (19) 21 7 18 4 15  
(15) 6 12 18 24 5  (20) 11 22 8 19 5  

 
Rep.V               Rep.VI  

(21) 1 17 8 24 15  (26) 1 22 18 14 10 
(22) 11 2 18 9 25  (27) 6 2 23 19 15 
(23) 21 12 3 19 10  (28) 11 7 3 24 20 
(24) 6 22 13 4 20  (29) 16 12 8 4 25 
(25) 16 7 23 14 5  (30) 21 17 13 9 5 
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Plan 4     7×7 balanced lattice 
v=49, k=7, r = 8, b=56, λ= 1 

Block  Rep.I      Rep.II 
(1) 1 2 3 4 5 6 7  (8) 1 8 15 22 29 36 43  
(2) 8 9 10 11 12 13 14  (9) 2 9 16 23 30 37 44  
(3) 15 16 17 18 19 20 21  (10) 3 10 17 24 31 38 45  
(4) 22 23 24 25 26 27 28  (11) 4 11 18 25 32 39 46  
(5) 29 30 31 32 33 34 35  (12) 5 12 19 26 33 40 47  
(6) 36 37 38 39 40 41 42  (13) 6 13 20 27 34 41 48  
(7) 43 44 45 46 47 48 49  (14) 7 14 21 28 35 42 49  

 
  Rep.III      Rep.IV 
(15) 1 9 17 25 33 41 49  (22) 1 37 24 11 47 34 21  
(16) 43 2 10 18 26 34 42  (23) 15 2 38 25 12 48 35  
(17) 36 44 3 11 19 27 35  (24) 29 16 3 39 26 13 49  
(18) 29 37 45 4 12 20 28  (25) 43 30 17 4 40 27 14  
(19) 20 30 38 46 5 13 21  (26) 8 44 31 18 5 41 28  
(20) 15 23 31 39 47 6 14  (27) 22 9 45 32 19 6 42  
(21) 8 16 24 32 40 48 7  (28) 36 23 10 46 33 20 7  

      
                     Rep.V      Rep.VI 
(29) 1 30 10 39 19 48 28  (36) 1 23 45 18 40 13 35  
(30) 22 2 31 11 40 20 49  (37) 29 2 24 46 19 41 14  
(31) 43 23 3 32 12 41 21  (38) 8 30 3 25 47 20 42  
(32) 15 44 24 4 33 13 42  (39) 36 9 31 4 26 48 21  
(33) 36 16 45 25 5 34 14  (40) 15 37 10 32 5 27 49  
(34) 8 37 17 46 26 6 35  (41) 43 16 38 11 33 6 28  
(35) 29 9 38 18 47 27 7  (42) 22 44 17 39 12 34 7  

 
  Rep.VII     Rep.VIII 
(43) 1 16 31 46 12 27 42  (50) 1 44 38 32 26 20 14  
(44) 36 2 17 32 47 13 28  (51) 8 2 45 39 33 27 21  
(45) 22 37 3 18 33 48 14  (52) 15 9 3 46 40 43 28  
(46) 8 23 38 4 19 34 49  (53) 22 16 10 4 47 41 35  
(47) 43 9 24 39 5 20 35  (54) 29 23 17 11 5 48 42  
(48) 29 44 10 25 40 6 21  (55) 36 30 24 18 12 6 49  
(49) 15 30 45 11 26 41 7  (56) 43 37 31 25 19 13 7  

 
Plan 5     8×8 balanced lattice 

v=64, k=8, r = 9, b=72, λ= 1 
Block  Rep.I       

(1) 1 2 3 4 5 6 7 8
(2) 9 10 11 12 13 14 15 16
(3) 17 18 19 20 21 22 23 24
(4) 25 26 27 28 29 30 31 32
(5) 33 34 35 36 37 38 39 40
(6) 41 42 43 44 45 46 47 48
(7) 49 50 51 52 53 54 55 56
(8) 57 58 59 60 61 62 63 64
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Rep.II 
(9) 1 9 17 25 33 41 49 57

(10) 2 10 18 26 34 42 50 58
(11) 3 11 19 27 35 43 51 59
(12) 4 12 20 28 36 44 52 60
(13) 5 13 21 29 37 45 53 61
(14) 6 14 22 30 38 46 54 62
(15) 7 15 23 31 39 47 55 63
(16) 8 16 24 32 40 48 56 64

   
Rep.III      

(17) 1 10 19 28 37 46 55 64 
(18) 9 2 51 44 61 30 23 40 
(19) 17 50 3 36 29 62 15 48 
(20) 25 42 35 4 21 14 63 56 
(21) 33 58 27 20 5 54 47 16 
(22) 41 26 59 12 53 6 39 24 
(23) 49 18 11 60 45 38 7 32 
(24) 57 34 43 52 13 22 31 8 

 
   Rep.IV 

(25) 1 18 27 44 13 62 39 56 
(26) 17 2 35 60 53 46 31 16 
(27) 25 34 3 12 45 54 23 64 
(28) 41 58 11 4 29 22 55 40 
(29) 9 50 43 28 5 38 63 24 
(30) 57 42 51 20 37 6 15 32 
(31) 33 26 19 52 61 14 7 48 
(32) 49 10 59 36 21 30 47 8 

       
Rep.V                     

(33) 1 26 43 60 21 54 15 40 
(34) 25 2 11 52 37 62 47 24 
(35) 41 10 3 20 61 38 31 56 
(36) 57 50 19 4 45 30 39 16 
(37) 17 34 59 44 5 14 55 32 
(38) 49 58 35 28 13 6 23 38 
(39) 9 42 27 36 53 22 7 64 
(40) 33 18 51 12 29 46 63 8 

 
Rep.VI 

(41) 1 34 11 20 53 30 63 48 
(42) 33 2 59 28 45 22 15 56 
(43) 9 58 3 52 21 46 39 32 
(44) 17 26 51 4 13 38 47 64 
(45) 49 42 19 12 5 62 31 40 
(46) 25 18 43 36 61 6 55 16 
(47) 57 10 35 44 29 54 7 24 
(48) 41 50 27 60 37 14 23 8 

       
Rep.VII           

(49) 1 42 59 52 29 38 23 16 
(50) 41 2 19 36 13 54 63 32 
(51) 57 18 3 28 53 14 47 40 
(52) 49 34 27 4 61 46 15 24 
(53) 25 10 51 60 5 22 39 48 
(54) 33 50 11 44 21 6 31 64 
(55) 17 58 43 12 37 30 7 56 
(56) 9 26 35 20 45 62 55 8 

Rep.VIII 
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(57) 1 50 35 12 16 22 47 32 
(58) 49 2 43 20 29 14 39 64 
(59) 33 42 3 60 13 30 55 24 
(60) 9 18 59 4 37 54 31 48 
(61) 57 26 11 36 5 46 23 56 
(62) 17 10 27 52 45 6 63 40 
(63) 41 34 51 28 21 62 7 16 
(64) 25 58 19 44 53 38 15 8 

 
Rep.IX            

(65) 1 58 51 36 45 14 31 24
(66) 57 2 27 12 21 38 55 48
(67) 49 26 3 44 37 22 63 16
(68) 33 10 43 4 53 62 23 32
(69) 41 18 35 52 5 30 15 64
(70) 9 34 19 60 29 6 47 56
(71) 25 50 59 20 13 46 7 40
(72) 17 42 11 28 61 54 39 8

       
 
Plan 6             9×9 balanced lattice 

v=81,k=9, r = 10, b=90, λ= 1 
Block    Rep.I 

(1) 1 2 3 4 5 6 7 8 9 
(2) 10 11 12 13 14 15 16 17 18 
(3) 19 20 21 22 23 24 25 26 27 
(4) 28 29 30 31 32 33 34 35 36 
(5) 37 38 39 40 41 42 43 44 45 
(6) 46 47 48 49 50 51 52 53 54 
(7) 55 56 57 58 59 60 61 62 63 
(8) 64 65 66 67 68 69 70 71 72 
(9) 73 74 75 76 77 78 79 80 81 

          
                               Rep.II 

(10) 1 10 19 28 37 46 55 64 73 
(11) 2 11 20 29 38 47 56 65 74 
(12) 3 12 21 30 39 48 57 66 75 
(13) 4 13 22 31 40 49 58 67 76 
(14) 5 14 23 32 41 50 59 68 77 
(15) 6 15 24 33 42 51 60 69 78 
(16) 7 16 25 34 43 52 61 70 79 
(17) 8 17 26 35 44 53 62 71 80 
(18) 9 18 27 36 45 54 63 72 81 
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Rep.III 
(19) 1 20 12 58 77 69 34 53 45 
(20) 10 2 21 67 59 78 43 35 54 
(21) 19 11 3 76 68 60 52 44 36 
(22) 28 47 39 4 23 15 61 80 72 
(23) 37 29 48 13 5 24 70 62 81 
(24) 46 38 30 22 14 6 79 71 63 
(25) 55 74 66 31 50 42 7 26 18 
(26) 64 56 75 40 32 51 16 8 27 
(27) 73 65 57 49 41 33 25 17 9 

 
    Rep.IV 

(28) 1 11 21 31 41 51 61 71 81 
(29) 19 2 12 49 32 42 79 62 72 
(30) 10 20 3 40 50 33 70 80 63 
(31) 55 65 75 4 14 24 34 44 54 
(32) 73 56 66 22 5 15 52 35 45 
(33) 64 74 57 13 23 6 43 53 36 
(34) 28 38 48 58 68 78 7 17 27 
(35) 46 29 39 76 59 69 25 8 18 
(36) 37 47 30 67 77 60 16 26 9 

            
   Rep.V 

(37) 1 29 57 22 50 78 16 44 72 
(38) 55 2 30 76 23 51 70 17 45 
(39) 28 56 3 49 77 24 43 71 18 
(40) 10 38 66 4 32 60 25 53 81 
(41) 64 11 39 58 5 33 79 26 54 
(42) 37 65 12 31 59 6 52 80 27 
(43) 19 47 75 13 41 69 7 35 63 
(44) 73 20 48 67 14 42 61 8 36 
(45) 46 74 21 40 68 15 34 62 9 

 
   Rep.VI 

(46) 1 56 30 13 68 42 25 80 54 
(47) 28 2 57 40 14 69 52 26 81 
(48) 55 29 3 67 41 15 79 53 27 
(49) 19 74 48 4 59 33 16 71 45 
(50) 46 20 75 31 5 60 43 17 72 
(51) 73 47 21 58 32 6 70 44 18 
(52) 10 65 39 22 77 51 7 62 36 
(53) 37 11 66 49 23 78 34 8 63 
(54) 64 38 12 76 50 24 61 35 9 

 
    Rep.VII 

(55) 1 47 66 76 14 33 43 62 27 
(56) 64 2 48 31 77 15 25 44 63 
(57) 46 65 3 13 32 78 61 26 45 
(58) 37 56 21 4 50 69 79 17 36 
(59) 19 38 57 67 5 51 34 80 18 
(60) 55 20 39 49 68 6 16 35 81 
(61) 73 11 30 40 59 24 7 53 72 
(62) 28 74 12 22 41 60 70 8 54 
(63) 10 29 75 58 23 42 52 71 9 
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                                   Rep.VIII 
(64) 1 74 39 67 32 24 52 17 63 
(65) 37 2 75 22 68 33 61 53 18 
(66) 73 38 3 31 23 69 16 62 54 
(67) 46 11 57 4 77 42 70 35 27 
(68) 55 47 12 40 5 78 25 71 36 
(69) 10 56 48 76 41 6 34 26 72 
(70) 64 29 21 49 14 60 7 80 45 
(71) 19 65 30 58 50 15 43 8 81 
(72) 28 20 66 13 59 51 79 44 9 

 
    Rep.IX 

(73) 1 65 48 40 23 60 79 35 18 
(74) 46 2 66 58 41 24 16 80 36 
(75) 64 47 3 22 59 42 34 17 81 
(76) 73 29 12 4 68 51 43 26 63 
(77) 10 74 30 49 5 69 61 44 27 
(78) 28 11 75 67 50 6 25 62 45 
(79) 37 20 57 76 32 15 7 71 54 
(80) 55 38 21 13 77 33 52 8 72 
(81) 19 56 39 31 14 78 70 53 9 

 
    Rep.X 

(82) 1 38 75 49 59 15 70 26 36 
(83) 73 2 39 13 50 60 34 71 27 
(84) 37 74 3 58 14 51 25 35 72 
(85) 64 20 30 4 41 78 52 62 18 
(86) 28 65 21 76 5 42 16 53 63 
(87) 19 29 66 40 77 6 61 17 54 
(88) 46 56 12 67 23 33 7 44 81 
(89) 10 47 57 31 68 24 79 8 45 
(90) 55 11 48 22 32 69 43 80 9 

 
Plan 7     6×6 Triple lattice 

 
Block   Rep.I     Rep.II 

(1) 1 2 3 4 5 6  (7) 1 7 13 19 25 31 
(2) 7 8 9 10 11 12  (8) 2 8 14 20 26 32 
(3) 13 14 15 16 17 18  (9) 3 9 15 21 27 33 
(4) 19 20 21 22 23 24  (10) 4 10 16 22 28 34 
(5) 25 26 27 28 29 30  (11) 5 11 17 23 29 35 
(6) 31 32 33 34 35 36  (12) 6 12 18 24 30 36 

 
Block    Rep.III      

 
(13) 1 8 15 22 29 36 
(14) 31 2 9 16 23 30 
(15) 25 32 3 10 17 24 
(16) 19 26 33 4 11 18 
(17) 13 20 27 34 5 12 
(18) 7 14 21 28 35 6 
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Plan 8     10x10 Triple lattice 
 

Block   Rep.I 
 (1) 1 2 3 4 5 6 7 8 9 10 
(2) 11 12 13 14 15 16 17 18 19 20 
(3) 21 22 23 24 25 26 27 28 29 30 
(4) 31 32 33 34 35 36 37 38 39 40 
(5) 41 42 43 44 45 46 47 48 49 50 
(6) 51 52 53 54 55 56 57 58 59 60 
(7) 61 62 63 64 65 66 67 68 69 70 
(8) 71 72 73 74 75 76 77 78 79 80 
(9) 81 82 83 84 85 86 87 88 89 90 

(10) 91 92 93 94 95 96 97 98 99 100 
 

   Rep.II 
 (11) 1 11 21 31 41 51 61 71 81 91 
(12) 2 12 22 32 42 52 62 72 82 92 
(13) 3 13 23 33 43 53 63 73 83 93 
(14) 4 14 24 34 44 54 64 74 84 94 
(15) 5 15 25 35 45 55 65 76 85 95 
(16) 6 16 26 36 46 56 66 76 86 96 
(17) 7 17 27 37 47 57 57 77 87 97 
(18) 8 18 28 38 48 58 68 78 88 98 
(19) 9 19 29 39 49 59 69 79 89 99 
(20) 10 20 30 40 50 60 70 80 90 100 

 
Rep.III 

(21) 1 12 23 34 45 56 67 78 89 100 
(22) 91 2 13 24 35 46 57 68 79 90 
(23) 81 92 3 14 25 36 47 58 69 80 
(24) 71 82 93 4 15 26 37 48 59 70 
(25) 61 72 83 94 5 16 27 38 49 60 
(26) 51 62 73 84 95 6 17 28 39 50 
(27) 41 52 63 74 85 96 7 18 29 40 
(28) 31 42 53 64 75 86 97 8 19 30 
(29) 21 32 43 54 65 76 87 98 9 20 
(30) 11 22 33 44 55 66 77 88 99 10 

   
Plan 9     12x12 quadruple lattice 

 
Block     Rep.I 

(1) 1 2 3 4 5 6 7 8 9 10 11 12 
(2) 13 14 15 16 17 18 19 20 21 22 23 24 
(3) 25 26 27 28 29 30 31 32 33 34 35 36 
(4) 37 38 39 40 41 42 43 44 45 46 47 48 
(5) 49 50 51 52 53 54 55 56 57 58 59 60 
(6) 61 62 63 64 65 66 67 68 69 70 71 72 
(7) 73 74 75 76 77 78 79 80 81 82 83 84 
(8) 85 86 87 88 89 90 91 92 93 94 95 96 
(9) 97 98 99 100 101 102 103 104 105 106 107 108 

(10) 109 110 111 112 113 114 115 116 117 118 119 120 
(11) 121 122 123 124 125 126 127 128 129 130 131 132 
(12) 133 134 135 136 137 138 139 140 141 142 143 144 
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Block     Rep.II 
(13) 1 13 25 37 49 61 73 85 97 109 121 133 
(14) 2 14 26 38 50 62 74 86 98 110 122 134 
(15) 3 15 27 39 51 63 75 87 99 111 123 135 
(16) 4 16 28 40 52 64 76 88 100 112 124 136 
(17) 5 17 29 41 53 65 77 89 101 113 125 137 
(18) 6 18 30 42 54 66 78 90 102 114 126 138 
(19) 7 19 31 43 55 67 79 91 103 115 127 139 
(20) 8 20 32 44 56 68 80 92 104 116 128 140 
(21) 9 21 33 45 57 69 81 93 105 117 129 141 
(22) 10 22 34 46 58 70 82 94 106 118 130 142 
(23) 11 23 35 47 59 71 83 95 107 119 131 143 
(24) 12 24 36 48 60 72 84 96 108 120 132 144 

 
Block     Rep.III 

(25) 1 14 27 40 57 70 83 96 101 114 127 140 
(26) 2 13 28 39 58 69 84 95 102 113 128 139 
(27) 3 16 25 38 59 72 81 94 103 116 125 138 
(28) 4 15 26 37 60 71 82 93 104 115 126 137 
(29) 5 18 31 44 49 62 75 88 105 118 131 144 
(30) 6 17 32 43 50 61 76 87 106 117 132 143 
(31) 7 20 29 42 51 64 73 86 107 120 129 142 
(32) 8 19 30 41 52 63 74 85 108 119 130 141 
(33) 9 22 35 48 53 66 79 92 97 110 123 136 
(34) 10 21 36 47 54 65 80 91 98 109 124 135 
(35) 11 24 33 46 55 68 77 90 99 112 121 134 
(36) 12 23 34 45 56 67 78 89 100 111 122 133 

 
Block     Rep.IV 

(37) 1 24 30 43 53 64 82 95 105 116 122 135 
(38) 2 23 29 44 54 63 81 96 106 115 121 136 
(39) 3 22 32 41 55 62 84 93 107 114 124 133 
(40) 4 21 31 42 56 61 83 94 108 113 123 134 
(41) 5 16 34 47 57 68 74 87 97 120 126 139 
(42) 6 15 33 48 58 67 73 88 98 119 125 140 
(43) 7 14 36 45 59 66 76 85 99 118 128 137 
(44) 8 13 35 46 60 65 75 86 100 117 127 138 
(45) 9 20 26 39 49 72 78 91 101 112 130 143 
(46) 10 19 25 40 50 71 77 92 102 111 129 144 
(47) 11 18 28 37 51 70 80 89 103 110 132 141 
(48) 12 17 27 38 52 69 79 90 104 109 131 142 
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Plan 10 
 

3x4 Rectangular lattice 
Block       Rep.X        Rep. Y   Rep. Z 

X1 1 2 3  Y1 4 7 10  Z1 6 8 12  
X2 4 5 6  Y2 1 8 11  Z2 2 9 10  
X3 7 8 9  Y3 2 5 12  Z3 3 4 11  
X4 10 11 12  Y4 3 6 9  Z4 1 5 7  

 
Plan 11 

4x5 Rectangular lattice 
 

Block Rep.X    Rep.Y     Rep.Z 
X1 1 2 3 4  Y1 5 9 13 17  Z1 8 11 15 18  
X2 5 6 7 8  Y2 1 10 14 18  Z2 2 9 16 20  
X3 9 10 11 12  Y3 2 6 15 19  Z3 4 7 14 17  
X4 13 14 15 16  Y4 3 7 11 20  Z4 1 5 12 19  
X5 17 18 19 20  Y5 4 8 12 16  Z5 3 6 10 13  

 
Plan 12 

5x6 Rectangular Lattice  
Block     Rep.X    Rep.Y   

X! 1 2 3 4 5  Y1 6 11 16 21 26 
X2 6 7 8 9 10  Y2 1 12 17 22 27 
X3 11 12 13 14 15  Y3 2 7 18 23 28 
X4 16 17 18 19 20  Y4 3 8 13 24 29 
X5 21 22 23 24 25  Y5 4 9 14 19 30 
X6 26 27 28 29 30  Y6 5 10 15 20 24 

 
      Rep.Z    

Z1 7 13 19 25 27  
Z2 5 14 16 23 29  
Z3 1 8 20 21 30  
Z4 2 9 15 22 26  
Z5 3 10 11 17 28  
Z6 4 6 12 18 22  

 
Plan 13 

                                           6x7 Rectangular Lattice 
Block                  Rep.X      Rep.Y 
X1 1 2 3 4 5 6  Y1 7 13 19 25 31 37 
X2 7 8 9 10 11 12  Y2 1 14 20 26 32 38 
X3 13 14 15 16 17 18  Y3 2 8 21 27 33 39 
X4 19 20 21 22 23 24  Y4 3 9 15 28 34 40 
X5 25 26 27 28 29 30  Y5 4 10 16 22 35 41 
X6 31 32 33 34 35 36  Y6 5 11 17 23 29 42 
X7 37 38 39 40 41 42  Y7 6 12 18 24 30 36 
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Block                  Rep.Z           
Z1 12 17 22 28 33 38 
Z2 2 13 24 29 35 40 
Z3 4 9 20 25 36 42 
Z4 6 11 16 27 32 37 
Z5 1 7 18 23 34 39 
Z6 3 8 14 19 30 41 
Z7 5 10 15 21 26 31 

 
Plan 14 

7x8 Rectangular Lattice 
Block  Rep.X            Rep. Y 
X1 1 2 3 4 5 6 7  Y1 8 15 22 29 36 43 50  
X2 8 9 10 11 12 13 14  Y2 1 16 23 30 37 44 51  
X3 15 16 17 18 19 20 21  Y3 2 9 24 31 38 45 52  
X4 22 23 24 25 26 27 28  Y4 3 10 17 32 39 46 53  
X5 29 30 31 32 33 34 35  Y5 4 11 18 25 40 47 54  
X6 36 37 38 39 40 41 42  Y6 5 12 19 26 33 48 55  
X7 43 44 45 46 47 48 49  Y7 6 13 20 27 34 41 56  
X8 50 51 52 53 54 55 56  Y8 7 14 21 28 35 42 49  

 
  Rep. Z 

Z1 9 17 25 33 41 49 51  
Z2 7 18 26 34 38 43 53  
Z3 1 10 27 35 36 47 55  
Z4 2 11 19 29 42 44 56  
Z5 3 12 20 28 37 45 50  
Z6 4 13 21 22 30 46 52  
Z7 5 14 15 23 31 39 54  
Z8 6 8 16 24 32 40 48  

 
Plan 15 

8x9 Rectangular Lattice 
Block   Rep.X      Rep.Y 
X1 1 2 3 4 5 6 7 8  Y1 9 17 25 33 41 49 57 65 
X2 9 10 11 12 13 14 15 16  Y2 1 18 26 34 42 50 58 66 
X3 17 18 19 20 21 22 23 24  Y3 2 10 27 35 43 51 59 67 
X4 25 26 27 28 29 30 31 32  Y4 3 11 19 36 44 52 60 68 
X5 33 34 35 36 37 38 39 40  Y5 4 12 20 28 45 53 61 69 
X6 41 42 43 44 45 46 47 48  Y6 5 13 21 29 37 54 62 17 
X7 49 50 51 52 53 54 55 56  

40 

Y7 6 14 22 30 38 46 63 71 
X8 57 58 59 60 61 62 63 64  Y8 7 15 23 31 39 47 55 72 
X9 65 66 67 68 69 70 72 73  Y9 8 16 24 32 48 56 64 

 
Rep.Z 

Z1 16 23 30 37 45 52 59 66 
Z2 2 17 32 39 46 54 61 68 
Z3 4 11 26 33 48 55 63 70 
Z4 6 13 20 35 42 49 64 72 
Z5 8 15 22 29 44 51 58 65 
Z6 1 9 24 31 38 53 60 67 
Z7 3 10 18 25 40 47 62 69 
Z8 5 12 19 27 34 41 56 71 
Z9 7 14 21 28 36 43 50 57 

 
Plan 16 
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9x10 Rectaugular Lattice 
Blocks    Rep.X       
X1 1 2 3 4 5 6 7 8 9  

X2 10 11 12 13 14 15 16 17 18  

X3 19 20 21 22 23 24 25 26 27  

X4 28 29 30 31 32 33 34 35 36  

X5 37 38 39 40 41 42 43 44 45  

X6 46 47 48 49 50 51 52 53 54  

X7 55 56 57 58 59 60 61 62 63  

X8 64 65 66 67 68 69 70 71 72  

X9 73 74 75 76 77 78 79 80 81  

X10 82 83 84 85 86 87 88 89 90  

 
Blocks    Rep. Y 
Y1 10 19 28 37 46 55 64 73 82
Y2 1 20 29 38 47 56 65 74 83
Y3 2 11 30 39 48 57 66 75 84
Y4 3 

27 

28 

12 21 40 49 58 67 76 85
Y5 4 13 22 31 50 59 68 77 86
Y6 5 14 23 32 41 60 69 78 87
Y7 6 15 24 33 42 51 70 79 88
Y8 7 16 25 34 43 52 61 80 89
Y9 8 17 26 35 34 53 62 71 90

Y10 9 18 36 45 54 63 72 81
 
Blocks    Rep.Z 

Z1 11 21 31 41 51 61 71 81 83 
Z2 9 22 32 42 52 62 64 76 84 
Z3 1 12 33 43 53 63 68 73 87 
Z4 2 13 23 44 54 55 65 79 89 
Z5 3 14 24 34 46 56 72 75 90 
Z6 4 15 25 35 45 57 67 74 82 
Z7 5 16 26 36 37 47 66 77 85 
Z8 6 17 27 38 48 58 78 86 
Z9 7 18 19 29 39 49 59 69 88 

Z10 8 10 20 30 40 50 60 70 80 
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Fractional Factorials

One of the disadvantages of factorial experiments is that they can get large very quickly
with several levels each of several factors. One technique for reducing the size of the factorial to
more manageable levels is fractional replication.

Fractional replication is valuable in vary large experiments in which a single full
replication would be too large for the available resources, or in which full replication gives more
precision for estimating the main effects than is needed. For example, in a 2  factorial with 646

treatments, each main effect is averaged over 32 combinations containing each level of the
factor. Often a fraction of the replication may be sufficient to obtain the desired precision in such
experiments. A method for handling this proposed by Finney in 1945 allows investigators to
handles 5 or more factors at a time in an experiment of practical size so that the investigator can
discover quickly which factors are important in a particular study.

This technique involves using orthogonal contrasts to identify the treatment combinations
used in estimating the factorial effects. The contrasts for the main effects and interactions for a
2x2x2 (2 ) arrangement of factors A (levels 0 and a), B (levels 0 and b) and C (levels 0 and c) are3

shown in the table below.

Treatments

Contrasts 0 (Control) a b c ab ac bc abc

A -1 +1 -1 -1 +1 +1 -1 +1

B -1 -1 +1 -1 +1 -1 +1 +1

C -1 -1 -1 +1 -1 +1 +1 +1

AB +1 -1 -1 +1 +1 -1 -1 +1

AC +1 -1 +1 -1 -1 +1 -1 +1

BC +1 +1 -1 -1 -1 -1 +1 +1

ABC -1 +1 +1 +1 -1 -1 -1 +1

The size of the experiment can be reduced by selecting a contrast for estimating the effect
of a higher order interaction. The selected contrast is called the defining contrast. Only the
treatments having the same sign in the defining contrast are selected for installation.

In our example, selecting the ABC contrast as the defining contrast and using only the +
treatments would result in the 4 treatments a, b, c and abc being selected for the experiment.
Thus only half of the 8 treatments would be included in the experiment.

When only a fraction of the treatments are selected for the experiment, some or all of the
main effects and certain interactions can still be estimated, but not all possible effects.

Confounding:



The danger in using fractional replication is that it is easy to misinterpret the results. In
our example, the selected treatment combinations are shown in the table below:

Selected treatments

Contrasts a b c abc

A +1 -1 -1 +1

B -1 +1 -1 +1

C -1 -1 +1 +1

AB -1 -1 +1 +1

AC -1 +1 -1 +1

BC +1 -1 -1 +1

ABC +1 +1 +1 +1

With only 4 treatments installed, there will be 3 df for treatment that can be subdivided
using the top 3 contrasts (main effect contrasts). Note that the main effect contrasts are
orthogonal and independent, but that they are identical to the contrasts that would be used to
estimate 2 factor interactions. The contrasts for the main effect of A and for the BC interaction
are identical, meaning that the same contrast estimates both of these effects. The BC interaction
and the A effects are called aliases, and are said to be confounded. If the A main effect was
found to be significant, this may be due to one of 3 causes:

1. The A effect is significant.
2. The BC interaction is significant.
3. A combination of the above.

Note that the ABC contast is all +, this is because it is the defining contrast on which the
factorial was split. Therefore, this effect cannot be estimated.

It is easy to misinterpret the results of a fractional replicate of this experiment. When
fractional replication is used, it is important to be certain that the interactions with are aliases of
the main effects or interactions of interest are not going to be significant, otherwise the results
may be erroneously interpreted. The arrangement is all right for special situations, but it must be
used with care.

In order to minimize the risks involved, it is important to know what the aliases are of the
factorial effects of interest. A general rule is that in any 2  system, the alias of any factorial effectn

is its generalized interaction with the defining contrast. A generalized interaction is interpreted
by canceling any squared terms. With ABC as the defining contrast:

the alias of A is A x ABC = AABC = BC



the alias of B is B x ABC = ABBC = AC
the alias of C is C x ABC = ABCC = AB
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1. Introduction 
The experiments in which each experimental unit receives some or all of the treatments, one 
at a time, over a certain period of time are known as change-over designs. These designs are 
also called cross-over designs, switch-over trials, time-series designs, before-after designs, 
repeated measurements designs, designs involving sequences of treatments etc. These designs 
have been used advantageously in several fields of research, notably in nutrition experiments 
with dairy cattle, clinical trials in medical research, psychological experiments, long--term 
agricultural field experiments and bio-assays. 
 
A change-over design with four treatments A, B,C and D, in four periods and four 
experimental units is as given below: 

 Experimental 
Units 

Periods 1      2     3     4 
1 
2 
3 
4 

A     B     C    D 
D     A     B    C    
B     C     D    A 
C     D     A    B 

 

A large volume of literature in Design of Experiments is devoted to the study of change-over 
designs.  These designs have been studied by several research workers; Williams (1949), 
Patterson (1952), Patterson and Lucas (1962), Berenblut (1964), Saha (1970), Sharma (1974) 
etc are a few among them.  
 
 

2. Need for Change-Over Designs 
There are several situations, where it is essential to go for the change-over designs.  Some of 
these are: 
(i)  Due to budget constraint, the experimenter has to use each experimental unit for several 

tests.  
(ii)  In some experiments, the treatment effects do not have a serious damaging effect on the 

experimental units and hence these units can be used for successive occasions. 
(iii) In some experiments, the experimental units are human beings or animals and often the 

nature of the experiments is such that it calls for special training over a long period of 
time.  Therefore, due to time limitations one is forced to use these experimental units for 
several tests. 

(iv) When one of the objectives of the experiments is to find out the effect of different 
sequences as in drug, nutrition or learning experiments.   

(v)  Sometimes the experimental units are scarce, therefore, experimental units have to be 
used repeatedly. 
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3. Residual Effects 
The peculiarity of a change-over design is that any treatment applied to a unit in a certain 
period influences the responses of the unit not only in the period of its application but also 
leaves residual effects in the following periods. These residual effects or carry-over effects 
may be of different magnitudes. Residuals, which persist only for one succeeding period, are 
called first order residual effects or simply, first residual effects. In general, the kth order 
residual effect is one, which persists up to k successive periods. This feature of residuals is 
the distinguishing feature of change-over designs. 
 
Change-over designs are generally capable of providing treatments comparisons of high 
precision because they eliminate the difference among experimental units from the error 
variation. This advantage, of course, is offset by the possible complications that arise in view 
of the presence of residual effects. One of the ways of getting rid of the complications (in 
analysis) due to the presence of residual effects is to insert a rest period between successive 
experimental periods, such that residual effects, if any, may wean out during the rest period.  
However, in some cases it is not possible to have the rest periods.  Alternatively, provision for 
the separation of direct and residual effects can be made in the experimental design by a 
suitable choice of treatment sequences. 
 
The simplest type of change-over design is a Latin square design or a set of squares with rows 
representing periods of time and columns the experimental units.  Provided that there are no 
carry-over or residual effects and experimental conditions are not such that treatment effects 
vary to any marked extent from one period to another, the ordinary analysis of Latin square 
designs can be used.  But it is always desirable to allow for the possibility that residual effects 
exist. An allowance for residual effects can be made in the design and by introducing 
additional constants for residual effects in the model, the analysis of the data can be carried 
out. 
 
4.   Balanced Change-Over Designs 
The analysis is made easier if each treatment is preceded equally often by every other 
treatment.  Designs having this property have been called balanced with respect to first 
residual effects.    Or in other words, a change-over design permitting the estimation of first 
order residual effects, is called balanced if the variance of any elementary contrast among the 
direct effects is constant, say α, and the variance of any estimated elementary contrast among 
the residual effects is also constant, say β. Here, α and β may not be equal. If α = β, then 
these designs are known as totally balanced change-over designs.  Designs in which each 
treatment is preceded by every other treatment as well as by itself equally often are called 
strongly balanced change-over designs. 
 
5. Uniform Change-Over Design 
A change-over design is called uniform on periods if each treatment occurs in each period the 
same number of times, say λ1.  A necessary condition for this to hold is that the number of 
units, n = λ1v, v being the number of treatments. 
 
A design is called uniform on units if each treatment is applied to each experimental unit the 
same number of times, say λ2.  This can occur only if the number of periods, p = λ2v.  
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A design is called uniform if it is uniform on both periods and units. 
 
A Williams square COD can be considered as a uniform COD. For v = 5 treatments a 
Williams square COD is as follows: 
 

First Latin square Second Latin square 
Experimental units Experimental units  

Period
s 

I II III IV V I II III IV V 

1 1 2 3 4 5 5 1 2 3 4 
2 5 1 2 3 4 1 2 3 4 5 
3 2 3 4 5 1 4 5 1 2 3 
4 4 5 1 2 3 2 3 4 5 1 
5 3 4 5 1 2 3 4 5 1 2 

 

6. Model 
Let a COD be represented as COD(v, p, n) where v treatments are arranged in p periods and n 
experimental units. Considering the first residual effects of treatments, the additive fixed 
effects model can be written as 

Yhijk  = µ + πh + τi  +  ρj + ψk  +  εhijk ;           …(1) 
                                                             h = 1, ... p;  i, j = 1, ..., v; k = 1, ...n;   

 
where Yhijk = observation from the kth experimental unit in the hth period when treatment i is 
applied to it and is preceded by the jth treatment in (h-1)th period (h>1) and µ , πh , ψk , τi , and 

jρ  represent  the general mean, effect of the hth period, effect of the kth unit, direct effect of 
treatment i and residual effect of the treatment j, respectively, εhijk are random errors assumed 
to be identically and independently distributed with N(0, 2σ ).  jρ  = 0 for all values of j for the 
observations in the first period. The same model may be expressed in matrix notation as:  

 

y   = µ 1+ P π +Tτ + R ρ + Sψ + ε,           …(2) 
with E (ε) = 0  and E (ε ε′)  = σ2 I, where 
 

Y = np × 1 vector of observed responses, 
π = p × 1 vector of period effects, 
τ = v × 1 vector of direct effects of treatments, 
ρ = v ×1 vector of residual effects, 
ψ  = n × 1 vector of sequences/unit effects, 
1 = np × 1 vector of unities, 
P = np × p design matrix of observations vs. periods, 
T = np × v design matrix of observations vs. direct effects of treatments, 
R = np × v design matrix of observations vs. residual effects of treatments, 
S = np × n design matrix of observations vs. experimental units, 
ε = (ε1 , ..., εnp) is np × 1 vector of random errors. 
 
7. Extra-Period Change-Over Designs 
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The balanced change-over designs may not be desirable always because: 
(i) they do not estimate direct and residual effects of treatments independently, for the 

estimates are correlated, 
(ii) they give less precise estimates of residual effects than of direct effects. 
 
Designs that give independent estimates of direct and residual effects, of approximately equal 
precision, are obtained by adding an extra period to the original design. In the new final 
period, the treatments that were applied in the previous final period are repeated, and these 
designs are called extra-period balanced change over designs. The following is an extra-
period balanced change-over design for 3 treatments A, B and C: 
 

 
Periods 

Experimental Units 
1     2      3        4      5     6 

1 
2 
3 
4 

A     B     C        A     B     C 
B     C     A        C    A     B 
C     A     B        B    C     A   
C     A     B        B    C     A  

 
Any treatment is now preceded equally often by every treatment including itself. This makes 
the estimation of the contrasts of direct and residual effects orthogonal. 
 
8. Pre-period Change-Over Designs 
Pre-period or 0th period is a period preceding the first experimental period in which 
appropriate treatments are applied to the experimental unit but either the observations are not 
recorded or if recorded they are not taken into consideration while carrying out the analysis of 
the data. By adding a pre-period to the design, the first period observations also receive the 
residual effects of the treatments and hence the data become homogeneous. 
 
The following is a pre-period design balanced for 4 treatments A, B, C and D: 
 
 

 
Periods 

Experimental Units 
1        2        3       4    

0 A        B       C      D 
1 
2 
3 
4 

A        B       C      D  
D       A        B      C 
B       C        D      A  
C       D        A      B  

 
9.  Circular Change-Over Designs 
A changeover design allowing the estimation of direct and first residual effects with one pre-
period, in which the treatments in the period are exactly the same as those in the last period is 
called a circular change-over design. 
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A circular COD with 7 treatments 14 units and 3 periods with one pre-period for the 
estimation of direct and first order residual effects is as follows: 

 Experimental Units 
 I I

I 
II
I 

IV V VI VII VIII IX X XI XII XIII XIV

0 4 5 6 7 1 2 3 5 6 7 1 2 3 4 
1 1 2 3 4 5 6 7 3 4 5 6 7 1 2 
2 2 3 4 5 6 7 1 6 7 1 2 3 4 5 

 
 
 
Period
s 

3 4 5 6 7 1 2 3 5 6 7 1 2 3 4 
 
10. Method of Construction of a Class of Balanced CODs 
The different steps involved in the construction of complete sequence balanced CODs are as 
follows: 
 
i. Construct two v×v tables in which columns refer to individuals and rows refer to the order 

of    presentation. 
ii. In both the squares, number the order of presentation from 1 to v successively. 
iii. Number the treatments i = 0, 1, 2,..., v-1. 
iv. Assign these treatments successively to the v cells in the first column of both the squares 

by proceeding from top to bottom, entering only in odd-numbered cells in the first and 
even numbered cells in the second square, and then reversing the direction, filling in even-
numbered cells in the first and odd-numbered cells in the second square. 

v.   Obtain the successive columns of the squares by adding integer 1 to each element of the 
previous column and reducing the elements, if necessary, by mod v. 

 
It is to be noted that in each of the constructed squares every treatment occurs in each row and 
in each column precisely once. Moreover, when v is even, each treatment is preceded exactly 
once by other treatment in either of the two squares. Thus, in this case either of the two 
squares may be used. This situation occurs in neither of the two squares if v is odd. However, 
when both the squares are considered together, each treatment is preceded by every other 
exactly twice. Consequently, both the squares must be used in this case. 
 
Latin squares for v = 4 are given below: 

First square Second square 
Experimental Units Experimental Units  

Period   I        II       III       IV 
 

Period    I       II      III      IV 
1 0 1 2 3 1 3 0 1 2 
2 3 0 1 2 2 0 1 2 3 
3 1 2 3 0 3 2 3 0 1 
4 2 3 0 1 4 1 2 3 0 

 
11.   Illustration 
A change-over design was used at the Poona sheep breeding farm on 12 cross bred sheep of 
about one year age to compare the effects of protein and non-protein diets on growth of the 
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sheep. Three feeds were tried over 3 periods each of 3 months’ duration. The plan and body 
weight records (lb) of each sheep at the end of each period are given below: 
 
The three treatments are denoted by A, B and C.  The basic design has 6 sequences, which 
have been repeated once more to give 12 sequences in all.  
 

Animal Numbers 
Periods 53 54 58 75 81 97 

1 A 72 B 75 C 75 A 64 B 80  C 74  
2 B 73 C 78  A 77   C 68  A 72 B 76 
3 C 77  A 70  B 73   B 71   C 80 A  70 
 72 79 106 84 89 70 
1 A 58  B 64   C 72  B 76 A 61  C 71  
2 C 62 A 56  B 69   C 79  B 50  A 72 
3 B 67  C 60 A 66  A 65 C 60 B 75  

 
Analyse the data using SPSS. 
  
SPSS commands for the analysis of change-over designs 
The input data file can be created as shown below: 
 
File → New → Data → Variable view → Name (give variable names viz., direct, residual, 
period, unit, yield) → Data view → Feed data → File → Save (file name). 
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Analyze → General linear model → Univariate →Dependent variable (yield) → Fixed factors 
(units, periods, direct , residual) → Model →Custom → Main effects → Build terms (units, 
periods, direct, residual) → Sum of Squares (Type I ) →Continue → OK. 
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The above analysis gives adjusted SS due to residual effects and unadjusted SS due to direct 
effects.  In order to obtain unadjusted SS due to residual effects and adjusted SS due to direct 
effects, the following analysis is to be carried out: 
 
Analyze → General linear model → Univariate →Dependent variable (yield) → Fixed factors 
(units, periods, residual, direct) → Model →Custom → Main effects → Build terms (units, 
periods, residual, direct) → Sum of Squares (Type I ) →Continue → OK. 

 
 
Final ANOVA Table is obtained by combining both the above as shown below: 

ANOVA 
 

Source D F S S M S S F Sig. 
Units 
Periods 
 
Direct (adj.) 
Residual (unadj.) 
or 
Direct (unadj.) 
Residual (adj.) 
 
Error 

11 
2 
 
2 
2 
 
2 
2 
 

18 

1427.333
4.667

191.633
2.033

138.167
55.500

224.333

129.758
2.333

95.817
1.017

69.083
27.750

12.463

10.411 
0.187 

 
7.688 
0.082 

 
5.543 
2.227 

0.000
0.831

0.004
0.922

0.013
0.137

Total 35 1850.000    
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1. Introduction 

In large-scale experimental programmes it is necessary to repeat the trial of a set of 

treatments like varieties or manures at a number of places or in a number of seasons. The 

places where the trial is repeated are usually experimental stations located in the tract. The 

aim of repetition is to study the susceptibility of treatment effects to place variation. More 

generally, the aim of repetition is to find out treatments suitable for particular tracts in 

which case the trials are carried out simultaneous on a representative selection of sites.  

 

Further, the purpose of the research carried out at experimental stations is to formulate the 

recommendations for the practitioners which consist of a population quite extensive either 

in space or time or both. Therefore, it becomes necessary to ensure that the results 

obtained from researches are valid for at least several places in the future and over a 

reasonably heterogeneous space. 

 

A single experiment will precisely furnish information about only one place where the 

experiment is conducted and about the season in which the experiment is conducted. It 

has, thus, become a common practice to repeat an experiment at different places or over a 

number of occasions to obtain valid recommendations taking into account place to place 

variation or variation over time or both. In such cases of repeated experiments appropriate 

statistical procedures for a combined analysis of data would have to be followed by the 

analysis of individual experiments varying with their objectives. In combined analysis of 

data, the main points of interest would be  
 

i) to estimate the average response to given treatments and  

ii) to test consistency of the responses from place to place or occasion to occasion i. e. 

interaction of the treatment effects with places or years. 

 

The utility and the significance of the estimates of average response depend on whether 

the response is consistence from place to place or changes with it, in other words on the 

absence or the presence of interaction. 

 

The results of a set of trials may, therefore, be considered as belonging to one of the 

following four types: 
 

i) the experimental errors are homogeneous and the interaction is absent, 

ii) the experimental errors are homogeneous and the interaction is present, 

iii) the experimental errors are heterogeneous and the interaction is absent, and 

iv) the experimental errors are heterogeneous and the interaction is present. 

 

The meaningfulness of average estimates of treatment responses would therefore, depend 

largely upon the absence of presence of this interaction analysis. 
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2. Analysis Procedure 

For combined analysis or analysis for groups of Experiments following steps are to be 

followed  
 

Step I. Construct an out line of combined analysis of variance over years or for places or 

environment, based on the basic design used. For example, the data of grain yield for four 

years, four treatments each treatment replicated five times is given in Table-1.  
 

Step II. Perform usual Analysis of variance for the given data. Here the experiment 

conducted is in randomized complete block design. So perform analysis of four years 

separately for the four years. This may be done either in SAS, SPSS or EXCEL software. 
 

Step III.  We have p error mean squares, where s is the number of years and we have to 

test the homogeneity of variances. Now we have following two situations: 

 

Situation I. When p = 2 

In this situation, we apply F-test for testing the homogeneity of variances. Let Se1
2
 and 

Se2
2
 are the mean square errors (mse) for the two years. Then the value of F statistics will 

be Se1
2
 / Se2

2
 and this value will be tested against the Table F value at n1 and n2 degrees of 

freedom at 5 % level of significance, where n1 and n2 are degrees of freedom (df) for error 

for the two years, respectively. If the calculated value of F is greater than tabulated F 

value then the null hypothesis of homogeneity of variance is rejected and the data is 

heterogeneous in different years, otherwise it is homogeneous. 

 

Situation II. When p > 2 

In this situation, we apply Bartlett's Chi-square test. Here null and alternate hypothesis are 

H0 : σ1
2
 = σ1

2
 = …  = σp

2
 against the alternative hypothesis  

H1 : at least two of the σi
2
’s are not equal, where σi

2
  is  the error variance for year/ 

location i.  
 

Let Se1
2
, Se2

2
, ..., Sep

2
 are the mse of p locations respectively and n1, n2, …, np are the df for 

p locations. The test statistics  

 

where 
∑
∑

=
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where 
2
1p−χ  follows    2χ distribution with p - 1 df. If the calculated value of  2

1p−χ is greater 

than tabulated  2
1p−χ value at p-1 df then the null hypothesis of homogeneity of variance is 

rejected and the data is heterogeneous in different years, otherwise it is homogeneous. 
 

Step IV.  If error variances are not homogeneous, then for performing the combined 

analysis of weighted least square is required, the weight being the reciprocals of the root 

mean square error. The weighted analysis is carried out by defining a new variable as 
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newres = res/ root mean square. This transformation is similar to Aitken’ transformation. 

This new variable is thus homogeneous and thus combined analysis of variance can 

performed on this new variable. If error variance variances are homogeneous then there is 

no need to transform the data. 
 

Step V.   Now one can view the groups of experiments as a nested design with several 

factors nested within one another. The years/ locations are treated as big blocks, with the 

experiments nested within these. The combined analysis of data, therefore, can be done as 

that a nested design. For doing the analysis, the replication wise data of treatments at each 

year/ location provide useful information. An advantage of this analysis is that there is a 

further reduction in error sum of squares because one more source of variability is taken 

out from the experimental error thus reducing the experimental error. This may also lead 

to the reduction in the value of CV.  
 

Step VI.  Next step in the analysis is test for the significance of year ×  treatment 

interaction. It can be seen that the question whether the interaction year ×  treatment is 

significant, that is whether the difference between treatments tend to vary from year to 

year can be settled by comparing the mean square for year ×  treatment with the estimate 

of error variance by the F-test. If the mean square is found to be non-significant it means 

interaction is absent. If this interaction is assumed to be non-existence, sum of squares for 

treatments ×  years and the error sum of squares can be pooled and a more precise estimate 

of error can be obtained for testing the significance of treatment differences. If, however, 

interaction is significant i e. interaction is significant, the appropriate mean square for 

testing the significance of treatments is the mean square due to year ×  treatment.    

 

3. Illustration 

An experiment was conducted in four different years with four treatments in five 

replications. The data for grain yield (kg/ plot) is given below: 
  
   Replication 

Year Treatment I II III IV V 

1 1 33.6 33.7 30.9 33.3 15.0 

 2 34.0 27.2 46.2 36.7 11.6 

 3 30.5 33.2 15.1 33.3 29.7 

 4 30.8 14.4 14.2 9.5 12.0 

2 1 28.8 28.8 35.2 41.6 43.2 

 2 46.4 43.2 38.4 54.4 57.6 

 3 35.2 32.0 32.0 25.6 33.6 

 4 51.2 40.0 49.6 51.2 49.6 

3 1 30.1 38.1 21.4 17.6 14.3 

 2 36.1 18.3 38.0 31.0 26.6 

 3 27.2 40.7 15.5 18.1 12.3 

 4 37.8 54.5 13.2 18.1 7.3 

4 1 23.8 48.8 19.5 28.8 34.4 

 2 15.2 39.0 39.8 52.0 31.2 

 3 40.2 52.0 33.0 41.2 35.0 

 4 43.2 46.8 34.5 44.5 38.0 
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A) Using SPSS 

• First we analyze the data for each year separately by using SPSS. Make four files in 

SPSS Data Editor with some name say gpsexpt-1; the first column of which is 

replication, second column as treatment, third column as yield. Now the SPSS 

commands are 

 

 Analyze →  General Linear model →  Univariate →  yield →  button [Put yield 

under Dependent variable] →  rep →  button [Put rep under Fixed Factor(s)] →  

treat →  button [Put treat under Fixed Factor(s)] →  Model →  Custom →  rep →  

Build term[s] →  treat →  Build term[s] →  Main effects →  Continue →  OK 

 

• We will get the output screen as 

 

 
 

 

Here error mean square is 92.352 with df 12. Similarly we analyze the data of three other 

years and get the error mean square. 

 

Now the error mean squares of four years along with df are 

 

year Degrees of freedom Error mean square 

1 12 92.352 

2 12 28.309 

3 12 108.466 

4 12 67.903 

 

Now we test the homogeneity of error variances using analyze Bartlett's Chi-square test as 

described in Step III. 
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In our case value of 
2χ  is non-significant. So we can perform the combined analysis. For 

combined analysis of data using SPSS we proceed as follows 

 

• Make a combined file in SPSS Data Editor with some name say gpsexpt-comb; the 

first column of which is year, second column as replication, third column as 

replication and fourth column as yield. The SPSS commands are 

 

         UNIANOVA 

         yield  BY year rep treat 

         /METHOD = SSTYPE(3) 

         /INTERCEPT = INCLUDE 

         /CRITERIA = ALPHA(.05) 

         /DESIGN = year rep(year) treat year*treat 

         /test treat vs year*treat. 

 

• We will get the output screen as 

 

 
 

In the above analysis year ×  treatment interaction is significant. Therefore, treatment is 

tested against the year ×  treatment interaction. 

 

B) Using SAS 

Now we give the steps used while analyzing the data using SAS software. 

First we analyze the data for four years separately using proc glm. 

 

data klkrbd1; 

input yr rep trt yld; 

cards; 

 

DATA 

; 
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proc glm; 

class  rep trt; 

model yld  =  rep trt/ss3; 

run; 

 

We test the homogeneity of error variances using analyze Bartlett's Chi-square test as 

described in Step III. Since value of  2χ is non-significant. So we can perform the 

combined analysis. For combined analysis of data using SAS we proceed as follows 

 

data klkgps1; 

input yr rep trt yld; 

cards; 

DATA OF FOUR YEARS 

; 

proc glm; 

class  yr rep trt; 

model yld  =  yr rep(yr) trt yr*trt/ss3; 

test h=trt  e=trt*yr; 

run; 

proc glm; 

class  yr rep trt; 

model yld  =  yr rep(yr) trt/ss3; 

run; 

  

The different sites or years are natural environments. The natural environments are 

generally considered as random. All other effects in the model involve the environment 

either as nested or as crossed classification are considered as random. The assumption of 

these random effects helps in identifying the proper error terms for testing the significance 

of various effects. The combined analysis of data can easily be carried out using PROC 

GLM of SAS with Random statement with TEST option. The steps to be followed are 

given below: 

 

data klkgps1; 

input yr rep trt yld; 

cards; 

DATA OF FOUR YEARS 

; 

proc glm; 

class  yr rep trt; 

model yld  =  yr rep(yr) trt yr*trt/ss3; 

random yr yr*trt rep(yr) /test; 

run; 

proc glm; 

class  yr rep trt; 

model yld  =  yr rep(yr) trt/ss3; 

random yr rep(yr) /test; 

run; 
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1.    Introduction 

In agricultural field experiments, the size of the plot is selected in order to achieve a 

prescribed degree of precision for measurement of the character of primary interest. We 

then measure the character under study on the whole of the experimental unit i.e., plot. 

Because of the nature of the character of primary interest like yield, the plot size required 

is often larger than that needed to measure other characters. In order to save expense and 

time the measurements of additional characters of interest can be made by sampling a 

fraction of the whole plot.  For example, for plant height, the measurements can be made 

only from say 10 of the 200 plants in the plot, for tiller number, count only 1 m
2
 of the 15 

m
2
 plot, for leaf area, measure from only 20 of the approximately 2000 leaves in the plot.  

For such cases like plant height, leaf area etc. it may not be always feasible or desirable to 

get the plot wise measurements. Here we resort to sampling in each plot and obtain the 

measurements on a certain number of sampling units in each plot and subject the data for 

statistical analysis. 

   

For plot sampling, each experimental plot is a population. Population value, which is the 

same as the plot value, is estimated from a few plants selected from each plot. The 

procedure for selecting the plants to be measured and used for estimating the plot value is 

called the plot sampling technique. To develop a plot sampling technique for the 

measurement of a character in a given trial, the researcher must clearly specify the 

sampling unit, the sample size and the sampling design.  

 

1.1   Sampling Unit  
The sampling unit is the unit on which actual measurement is made. The important 

features of an appropriate sampling unit are ease of identifications, ease of measurement, 

high precision and low cost. It should provide an estimate, or a sample value, that is as 

close as possible to the value that would have been obtained had all plants in the plot been 

measured - the plot value. The difference between the sample value and the plot value 

constitutes the sampling error. Thus a good sampling technique is one that gives small 

sampling error.   

 

1.2   Sample Size 
The number of sampling units taken from the population is sample size.  In a replicated 

field trial where each plot is a population, sample size could be the number of plants per 

plot used for measuring plant height, or the number of leaves per plot used for measuring 

leaf area, or the number of hills per plot used for counting tillers. The required sample size 

for a particular experiment is governed by the sampling variance and the degree of 

precision desired for the character of interest.  
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In practice, the size of the sampling variance for most plant characters is generally not 

known.  The desired level of precision can, however, be prescribed by the researcher 

based on experimental objective and previous experience, in terms of the margin of error, 

either of the plot mean or of the treatment mean. For example, the researcher may 

prescribe that the sample estimate should not deviate from the true value by more than 5% 

or 10%. 

Margin of Error of the Plot Mean: The sample size for a simple random sampling design 

that can satisfy a prescribed margin of error of the plot mean is computed as:         

        n = 
)X)(d(

)v)(Z(
22
s

2
α   

where n is the required sample size, Zα is the value of the standardized normal variate 

corresponding  to the level  of significance α , vs is the sampling variance, X is the mean 

value, and d is the margin of error expressed as a fraction of the plot mean. 

 

Margin of Error of the Treatment Mean: The information of primary interest to the 

researcher is usually the treatment means or actually the difference of means, rather than 

the plot mean.  Thus, the desired degree of precision is usually specified in terms of the 

margin of error of the treatment mean rather than of the plot mean.  In such a case, sample 

size is computed as:  

      n = 
))(v(Z)X)(r(D

))(v(Z

p
222

s
2

α

α

−
 

where n is the required sample size, r is the number of replications, Z α and vs are as 

defined earlier, vp is the variance between plots of the same treatment (i.e., experimental 

error), and D is the prescribed margin of error expressed as a fraction of  the treatment  

mean. In this case, additional information on the size of the experimental error (vp) is 

needed to compute sample size.  

 

1.3   Sampling Design 
A sampling design specifies the manner in which the n sampling units are to be selected 

from the whole plot.  There are five commonly used sampling designs in replicated field 

trials: simple random sampling, multistage random sampling, stratified random sampling, 

stratified multistage random sampling and sub-sampling with an auxiliary variable.  

 

In a simple random sampling design, there is only one type of sampling unit and, hence, 

the sample size (n) refers to the total number of sampling units to be selected from each 

plot consisting of N units. The selection of the n sampling units is done in such a way that 

each of the N units in the plot is given the same chance of being selected in plot sampling, 

two of the most commonly used random procedures for selecting n sampling units per plot 

are the random-number technique and the random-pair technique.  

 

The random-number technique is most useful when the plot can be divided into N distinct 

sampling units, such as N single-plant sampling units or N single-hill sampling units. The 

procedure is firstly, divide the N distinctly differentiable sampling units; randomly select 

n distinctly different numbers, each within the range of 1 to N, following a randomization 



 

Sampling in Field Experiments 

 3 

scheme;  and finally, use the sample obtained by taking all the sampling units whose 

assigned numbers correspond to the random numbers selected. 

 

The random- pair technique is applicable whether or not the plot can be divided uniquely 

into N sampling units. It is a more widely used technique. Two cases are covered under 

this technique. Case I is one with clear division of N sampling units per units. First, 

determine the width (W) and length (L) of the plot in terms of the sampling unit specified, 

such that W × L = N.  Select n random pairs of numbers, with the first number of each 

pair ranging from 1 to W and the second number ranging from 1 to L. Use the point of 

intersection of each random pair of numbers to represent each selected sampling unit. 

Case II is one without clear division of N sampling units per plot. Under this the step 

involved are as follows: Specify the width (W) and length (L) of the plot using the same 

measurement unit as that of the sampling unit. Select n random pairs of numbers, 

following the random number procedure, with the first number of the pair lying between 1 

and W and the second number lying between 1 and L. Use the point of intersection of 

each of the random pairs of numbers to represent the starting point of each selected 

sampling unit. 

 

In contrast to the simple random sampling design, where only one type of sampling unit is 

involved, the multistage random sampling design is characterized by a series of sampling 

stages. Each stage has its own unique sampling unit. This design is suited for cases where 

the sampling unit is not the same as the measurement unit. For example, in a rice field 

experiment, the unit of measurement for panicle length is a panicle and that for leaf area is 

a leaf. The use of either the panicle or the leaf as the sampling unit, however, would 

require the counting and listing of all panicles or all leaves in the plot which is time-

consuming task that would definitely not be practical. The selection of the sample is done 

separately and independently at each stage of sampling, starting with the first stage 

sampling, then the second stage sampling, and so on, in the proper sequence. At each 

sampling stage, the random selection procedure follows that of the simple random 

sampling design. 

 

The stratified random sampling design is useful where there is large variation between 

sampling units and where important sources of variability follow a consistent pattern. In 

such cases, the precision of the sample estimate can be improved by grouping the 

sampling units into different strata in such a way that variability between sampling units 

within a stratum is smaller than that between sampling units from different strata. The 

efficiency of the stratified random sampling design relative to the simple random 

sampling design will be high only if an appropriate stratification technique is used. Some 

examples of stratification criterion used in agricultural experiments are as follows: 

 

(i) Soil Fertility Pattern.  In an insecticide trial where block is based primarily on the 

direction of insect migration, known patterns of soil fertility cause substantial 

variability among plants in the same plot. In such a case, a stratified random sampling 

design may be used so that each plot is first divided into several strata based on the 

known fertility patterns and sample plants are then randomly selected from each 

stratum.  
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(ii) Stress Level.  In a variety screening trial for tolerance for soil salinity, areas within 

the same plot may be stratified according to the salinity level before sample plants are 

randomly selected from each stratum.  

 

(iii) Within-Plant Variance.  In a rice hill, panicles from the taller tillers are generally 

larger than those from the shorter ones. Hence, in measuring such yield components 

as panicle length or number of grains per panicles, panicles within a hill are stratified 

according to the relative height of the tillers before sample panicles are randomly 

selected from each position (or stratum).  

 

When the stratification technique is combined with the multistage sampling technique, the 

resulting design is known as stratified multistage random sampling. In it, multistage 

sampling is applied first and then stratification is used on one or more of the identified 

sampling stages. Consider the case where a rice researcher wishes to measure the average 

number of grains per panicle through the use of a two-stage sampling design with 

individual hills in the plot as the primary sampling unit and individual panicles in a hill as 

the secondary sampling unit. It is realized that the number of grains per panicle varies 

greatly between the different panicles of the same hill. A logical alternative is to apply the 

stratification technique by dividing the panicles in each selected hill (i.e., primary 

sampling unit) into k strata, based on their relative position in the hill, before a simple 

random sample of m panicles from each stratum is taken separately and independently for 

the k strata.  In this case, the sampling technique is based on a two-stage sampling design 

with stratification applied on the secondary unit. Of course, instead of the secondary unit 

(panicles) the researcher could have stratified the primary unit (i.e., single-hill) based on 

any source of variation pertinent to his experiment. In that case, the sampling technique 

would have been a two-stage sampling design with stratification of the primary unit. Or, 

the researcher could have applied both stratification criteria, one on the hills and another 

on the panicles, and the resulting sampling design would have been a two-stage sampling 

with stratification of both the primary and secondary units.  

 

The main features of a design for subsampling with an auxiliary variable are:  

• In addition to the character of interest, say X, another character, say Z, which is 

closely associated with and is easier to measure than X, is chosen.  

 

• Character Z is measured both on the main sampling unit and on the subunit, whereas 

variable X is measured only on the subunit. The subunit is smaller than the main 

sampling unit and is embedded in the main sampling unit.  

 

This design is usually used when the character of interest, say X, is so variable that the 

large size  of sampling unit or the large  sample size required  to achieve  a  reasonable  

degree of precision or both, would  be impractical. To improve the precision in the 

measurement of X, without unduly increasing either the sample size or the size of 

sampling unit, the subsampling with an auxiliary variable design can be used. 

Improvement is achieved by measuring Z from a unit larger than the unit where X is 

measured. Since Z and X are closely related and their relationship is known, it is as if X is 

measured from the large unit. Care should be taken that measurement of Z must be with 

minimum cost.  
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2.   Supplementary Techniques  

So, far, we have discussed sampling techniques for individual plots, each of which is 

treated independently and without reference to other plots in the same experiment. 

However, in a replicated field trial where the sampling technique is to be applied to each 

and all plots in the trial, a question usually raised is whether the same set of random 

sample can be repeated in all plots or whether different random processes are needed for 

different plots. And, when  data of a plant character are measured more than once over 

time, the question is whether the measurements should be made on the same samples at all 

stages of observation or should  randomization be applied.  

 

The two techniques aimed at answering these questions are block sampling and sampling 

for repeated measurements.  

 

2.1   Block Sampling 
It is a technique in which all plots of the same block (i.e. replication) are subjected to the 

same randomization scheme (i.e. using the same sample location in the plot) and different 

sampling schemes are applied separately and independently for different blocks.  

 

The block sampling technique has the following desirable features: 

 

• Randomization is minimized. With block sampling randomization is done only r times 

instead of rt times as it is when randomization is done separately for each and all plots.  

 

• Data collection is facilitated. With block sampling, all plots in the same block have the 

pattern of sample locations so that an observer (data collector) can easily move from 

plot to plot within a block without the need to reorient himself to a new pattern of 

sample locations. 

 

• Uniformity between plots of the same block is enhanced because there is no added 

variation due to changes in sample location from plot to plot.  

 

• Data collection by block is encouraged.  For example, if data collection is to be done 

by several persons, each can be conveniently assigned to a particular block which 

facilitates the speed and uniformity of data collection. Even if there is only one 

observer for the whole experiment, he can complete the task one block at a time, 

taking   advantage of the similar sample locations of plots in the same block and 

minimizing one source of variation among plots, namely, the time span in data 

collection.  

 

2. 2   Sampling for Repeated Measurements. 

Plant characters are commonly measured at different growth stages of the crop. For 

example, tiller number in rice may be measured at 30, 60, 90 and 120 days after 

transplanting or at the tillering, flowering and harvesting stages.  If such measurements are 

made on the same plants at all stages of observation, the resulting data may be biased 

because plants that are subjected to frequent handling may behave differently from others. 

In irrigated wetland rice, for example, frequent trampling around plants or frequent 

handling of plants not only affects the plant characters being measured but also affects the 

plants’ final yields. On the other hand, the use of an entirely different set of sample plants 

at different growth stages could introduce variation due to differences between sample 
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plants. The partial replacement procedure provides for a satisfactory compromise between 

the two conflicting situations. With partial replacement, only a portion p of the sample 

plants used in one growth stage is retained for measurement in the succeeding stage. The 

other portion of (1- p) sample plants is randomly obtained from the remaining plants in the 

plot. The size of p depends on the size of the estimated undesirable effect of repeated 

measurements of the sample plants in a particular experiment. The smaller this effect, the 

larger p should be. For example, in the measurement of plant height and tiller number in 

transplanted rice, p is usually about 0.75. That is, about 75% of the sample plants 

measured at given growth stage is retained for measurement in the succeeding stage and 

the remaining 25% is obtained at random from the other plants in the plot.  

 

3.    Analysis  

The various steps involved in the analysis of sampled data are described here considering 

a block design setting. Suppose an experiment is conducted with ‘t’ treatments replicated 

‘r’ times and let there be ‘n’ observations made in each plot. We assume the following 

linear additive model for the block design. 

 Yijk = µ + τi + βj + eij + ηijk  

where Yijk is the observation on the k
th  
sample for the i

th
 treatment in the j

th
 replicate (i = 

1,2,...,t ; j = 1,2,...,r; k = 1,2,...,n), µ  is the general mean effect, τi  is the effect of  i
th 

treatment, βj is the effect of  j
th
 replication, eij  is the plot error distributed as N(0 , σ e

2
),  

ηijk  is the  sampling error distributed as N(0 , σ s

2
). 

 

The analysis of variance will be of the form given below: 

 

ANOVA  

Source  DF  SS MS  E(MS)  

Replication (r-1)  SST   

 

Treatments 

 

(t-1) 

 

SSR 

 
σ

s

2
 + nσ

e

2
 + 2

j
i .)(

1t

rn
τ−τ

−
∑  

Treatment x Replication 

(Plot error) 

(t-1) (r-1) SSRT s
1

2
 2

e
2
s nσ+σ  

 

Sampling Error  

(Samples within plots) 

rt(n-1)  SSE s
2

2
 σ

s

2  

 

Total rtn-1    

 

The sampling error is estimated as  2
sσ̂  = 2

2s . 

The plot error is estimated as  
n

ss
ˆ

2
2

2
12

e

−
=σ . 

When �σ
e

2  is negative, it is taken as zero.  

The variance of the i
th
 treatment mean (Yi.. ) based on r-replications and s-samples per plot   

=   
rn

n 2
e

2
s σ+σ
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The estimated variance of ( ..iY ) = 
rn

)ˆnˆ( 2
e

2
s σ+σ

 

Taking the number of sampling units in a plot to be large (infinite), the estimated variance 

of a treatment mean when there is complete recording (i.e., the entire plot is harvested) 

=
�σe

r

2

 

 

The efficiency of sampling as compared to complete recording  

 
rn/)ˆnˆ(

r/ˆ

2
e

2
s

2
e

σ+σ

σ  

 

The standard error of a treatment mean ( ..iY ) with ‘n’ samples per plot and with ‘r’ 

replications is   

 

2/1
2
e

2
s

r

ˆ

rn

ˆ











 σ
+

σ
 

The percentage standard error or coefficient of variation is   

 p = 100x  ) Y( 
r

ˆ

rn

ˆ
i..

2/1
2
e

2
s
























 σ
+

σ  

Thus  

 n  =





















σ
−

σ

r

ˆ

)100(

  ) Y(p

1

r

ˆ

2
e

2

2
i..

2

2
s  

 

For any given r and p, there will be t values for s corresponding to the t treatment means.  

The maximum s will ensure the estimation of any treatment mean with a standard error 

not exceeding p percent.  

 

The sum of squares due to different components of ANOVA can be obtained as follows: 

 

Form a two way table between replications and treatments, each cell figure being the total 

over all samples from a plot.  

 

Grand Total (G.T.)  = ∑∑∑
i j k

ijky ,   Correction factor (C.F.)= 
rtn

  (G.T.)2  

Total S.S.  = F.Cny

2

i j k
ijk .−







∑∑ ∑  

Ti = i
th
 treatment total = ∑∑

j k
ijky   

Rj = j
th
  replication total = ∑∑

i k
ijky  

Treatment S.S. = .F.C
rn

T

i

2
i −∑ ,  Replication  S.S. = F.C

tn

R

j

2
j −∑  
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Replication x Treatment S.S. = Total S.S. - Replication S.S -Treatment S.S. 

 

Total  S.S. of the entire data = .F.Cy
i j k

2
ijk −∑∑∑  

S.S. due to sampling error = Total  S.S. of the entire data - Replication  S.S. -   

             Treatment S.S. -  Replication x Treatment S.S.  

 

 

Exercise: To study the effect of differences in the number of plants per hill on the growth 

of Maize crop, a randomized block design was laid out at the Agricultural College Farm, 

Poona.  The treatments tried were A - one plant per hill, B - two plants per hill, C - three 

plants per hill, D - four plants per hill.  

 

The net plot size used in the layout was 26’ × 20’ and the spacing between hills was 2’ × 

2’.  The table below gives the data on the length (in inches) of 5 cobs randomly selected 

from each plot:  

 

Length of cobs (in inches)  
 

Replication  Cob number  Treatments  

          A                B           C          D 

I 1 9.3 9.0 8.6 6.4 

 2 8.8 9.0 7.0 7.2 

 3 9.0 10.5 8.4 6.8 

 4 8.8 8.9 9.1 7.7 

 5 8.6 9.2 8.2 6.0 

II 1 10.2 9.7 9.0 6.4 

 2 9.0 10.0 8.0 7.4 

 3 9.4 9.2 8.1 6.8 

 4 9.6 10.5 8.2 6.8 

 5 9.8 10.3 7.0 6.6 

III 1 9.9 8.4 7.5 6.3 

 2 10.4 9.4 7.5 6.7 

 3 11.0 8.2 8.5 6.0 

 4 10.8 9.1 8.0 7.0 

 5 10.0 9.8 8.6 7.3 

IV 1 10.6 8.8 7.0 8.4 

 2 9.2 9.3 7.3 7.8 

 3 9.9 9.9 7.6 8.0 

 4 10.4 9.0 6.7 8.4 

 5 9.9 8.0 6.5 7.5 
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V 1 10.4 11.0 9.9 7.7 

 2 9.0 10.4 9.0 7.0 

 3 9.7 9.0 8.9 7.0 

 4 9.3 10.2 8.9 6.7 

 5 9.6 9.6 9.4 7.2 

 

(a) Analyze the data and find the standard error of treatment means.  

(b) Estimate the plot and sampling components of error variance and use these estimates 

to find out the relative efficiency of sampling.  

(c) Prepare a table giving the minimum number of sampling units per plot necessary to 

estimate the treatment means with 4 and 5 percent standard error when the number of 

replications are 5 and 6.  

 

Calculations  
Step 1:  Form the following two way table between replications and treatments, each cell 

figure being the total of cob lengths in five samples from a plot.  

 

Replication  Treatments  Total  

         A            B            C         D  

I 44.5 46.6 41.3 343.1 166.5 

II 48.0 49.7 40.3 34.0 172.0 

III 52.1 44.9 40.1 33.3 170.4 

IV  50.0 45.0 35.1 40.1 170.2 

V 48.0 50.2 46.1 35.6 179.9 

Total  242.6 236.4 202.9 177.1 859.0 

 

Step 2: Calculation of sum of squares and Analysis of variance. 

The various sum of squares can be obtained using the formulae given above and the 

ANOVA table can be obtained.  

 ANOVA  

Source  D.F. S.S. M.S.          F 

Replication    4 4.91 1.23      0.59  

Treatment    3     112.09  37.36    18.05** 

Replication x Treatment  

(plot error)  

12 24.88  2.07      6.68* 

Samples within plots  

(Sampling error )  

80 24.91 0.31  

Total  99 166.79    

** denotes significant at 1 percent level and * significant at 5 percent level. 
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The mean square (s
1

2
) is first tested against s

2

2
  if - (i) s

1

2
 is significant, then treatments 

are tested against s
1

2
 and if - (ii) s

1

2
 is not significant, the treatments are tested against the 

pooled mean square of s
1

2
 and s

2

2
.In the present case s

1

2
 is significant, so we test the 

treatments against s
1

2
. 

 

Step 3:    Standard Error of the difference between two treatment means  

 S.Ed = 
s

rn

1
2

= 
5 x 5

2.07 x 2
= 0.4069 inches.  

 

Step 4:  Efficiency  

31.0sˆ

3520.0
5

31.007.2

n

ss
ˆ

2
2

2
s

2
2

2
12

e

==σ

=
−

=
−

=σ
 

The estimated variance of 

 0828.0
25

070.2

r

ˆ

rn

ˆ
Y

2
e

2
s

..i ==
σ

+
σ

=  

Estimated variance in case of complete recording =
r

ˆ 2eσ = 
5

352.0
= 0.0704.  

Efficiency of sampling as compared to complete recording  

 
rn/)ˆnˆ(

r/ˆ

2
e

2
s

2
e

σ+σ

σ
  = 0 .85 

 

Step 5:  Estimation of sampling units per plot  

 s

























σ
−

σ
=

r

ˆ

)100(

)Y(p

1

r

ˆ

2
e

2

2
..i

2

2
s  

 

Thus the number   of sampling units required to measure the treatment means  with 4 and 

5  per cent  standard error when  the number  of replication are 5 and 6 is worked out and 

is presented below.  

Sampling units per plot(s) 

 

Treatments Treatment 

means 

p = 4 

      r = 5          r = 6 

p = 5 

       r = 5        r = 6 

1 9.704          1                1           1              1 

2 9.456          1                1           1              1 

3 8.116          2                2           1              1 

4 7.084          5                3           2              1 
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Step 6: Conclusion  

(a)   The treatments are found to be highly significant.  

(b)   Efficiency of sampling as compared to complete recording is 85 per cent.  

(c)   The number  of sampling units necessary to estimate treatment means with  

 

 (i) 4 per cent standard error  

      when number  of replications is 5 is 5,  

      when number of replications is 6 is 3.  

 

 (ii) 5 per cent standard error 

      when number  of replications is 5 is 2,  

      when number  of replications is 6 is 1. 
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1.  Introduction 

The subject of Design of Experiments deals with the statistical methodology needed for 

making inferences about the treatment effects on the basis of responses (univariate or 

multivariate) collected through the planned experiments. To deal with the evolution and 

analysis of methods for probing into mechanism of a system of variables, the experiments 

involving several factors simultaneously are being conducted in agricultural, horticultural 

and allied sciences. Data from experiments with levels or level combinations of one or 

more factors as treatments are normally investigated to compare level effects of the factors 

and also their interactions. Though such investigations are useful to have objective 

assessment of the effects of levels actually tried in the experiment, this seems to have 

inadequate, especially when the factors are quantitative in nature. The above analysis 

cannot give any information regarding the possible effects of the intervening levels of the 

factors or their combinations, i.e., one is not able to interpolate the responses at the 

treatment combinations not tried in the experiment. In such cases, it is more realistic and 

informative to carry out investigations with the twin purposes: 

a) To determine and to quantify the relationship between the response and the settings of 

a group of experimental factors. 

b) To find the settings of the experimental factor(s) that produces the best value or the 

best set of values of the response(s). 

If all the factors are quantitative in nature, it is natural to think the response as a function 

of the factor levels and data from quantitative factorial experiments can be used to fit the 

response surfaces over the region of interest. Response surfaces besides inferring about 

the twin purposes can provide information about the rate of change of a response variable.  

They can also indicate the interactions between the quantitative treatment factors. The 

special class of designed experiments for fitting response surfaces is called response 

surface designs. A good response surface design should possess the properties viz., 

detectability of lack of fit, the ability to sequentially build up designs of increasing order 

and the use of a relatively modest, if not minimum, number of design points. Before 

formulating the problem mathematically, we shall give examples of some experimental 

situations, where response surface methodology can be usefully employed. 

 

Example 1: The over use of nitrogen (N) relative to Phosphorus (P) and Potassium (K) 

concerns both from agronomic and environmental perspective. Phosphatic and Potassic 

fertilizers have been in short supply and farmers have been more steadily adopting the use 

of nitrogenous fertilizers because of the impressive virtual response. There is evidence 

that soil P and K levels are declining. The technique of obtaining individual optimum 

doses for N, P and K through separate response curves may also be responsible for 

unbalanced fertilizer use. Hence, determining the optimum and balanced dose of N, P and 

K for different crops has been an important issue. This optimum and balanced dose should 
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be recommended to farmers in terms of doses from the different sources and not in terms 

of N, P and K alone, as the optimum combination may vary from source to source. 

However, in actual practice the values of N, P and K are given in terms of kg/ha rather 

than the combined doses along with the sources of the fertilizers.  

 

Example 2:  For value addition to the agriculture produce, food processing experiments 

are being conducted. In these experiments, the major objective of the experimenter is to 

obtain the optimum combination of levels of several factors that are required for the 

product. To be specific, suppose that an experiment related to osmotic dehydration of the 

banana slices is to be conducted to obtain the optimum combination of levels of 

concentration of sugar solution, solution to sample ratio and temperature of osmosis. The 

levels of the various factors are the following 

 

 Factors Levels 

1. Concentration of sugar solution 40%, 50%, 60%, 70% and 80% 

2. Solution to sample ratio 1:1, 3:1, 5:1, 7:1 and 9:1 

3. Temperature of osmosis 25
0
C, 35

0
C, 45

0
C, 55

0
C and 65

0
C  

 

In this situation, response surface designs for 3 factors each at five equispaced levels can 

be used. 
 

Example 3: Yardsticks (a measure of the average increase in production per unit input of 

a given improvement measure) of many fertilizers, manures, irrigation, pesticides for 

various crops are being obtained and used by planners and administrators in the 

formulation of policies relating to manufacture/import/subsidy of fertilizers, pesticides, 

development of irrigation projects etc. 
 

The yardsticks have been obtained from the various factorial experiments. However, these 

will be more reliable and satisfy more statistical properties, if response surface designs for 

slope estimation are used. 
 

In general response surface methodology is useful for all the factorial experiments in 

agricultural experimental programme that are under taken so as to determine the level at 

which each of these factors must be set in order to optimize the response in some sense 

and factors are quantitative in nature. To achieve this we postulate that the response is a 

function of input variables, i.e. 

( ) uvuu2u1u ex,...,x,xy +ϕ=             …(1.1) 

where N,...,2,1u = represents the N observations and iux  is the level of the thi  factor in 

the thu  observation. The function ϕ  describes the form in which the response and the 

input variables are related and ue  is the experimental error associated with the 

thu observation such that E (eu) = 0 and Var(eu) = σ2
. Knowledge of function ϕ gives a 

complete summary of the results of the experiment and also enables us to predict the 

response for values of the iux  that are not included in the experiment. If the function ϕ is 

known then using methods of calculus, one may obtain the values of v21 x,...,x,x  which 

give the optimum (say, maximum) response. In practice the mathematical form of ϕ  is 

not known; we, therefore, often approximate it, within the experimental region, by a 
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polynomial of suitable degree in variables iux . The adequacy of the fitted polynomial is 

tested through the usual analysis of variance. Polynomials which adequately represent the 

true dose-response relationship are called Response Surfaces and the designs that allow 

the fitting of response surfaces and provide a measure for testing their adequacy are called 

response surface designs. If the function ϕ in (1.1) is of degree one in s'xiu , i.e., 

 

uvuvu22u110u ex...xxy +β++β+β+β=                  …(1.2) 
 

we call it a first-order response surface in v21 x,...,x,x . If (1.1) takes the form 

uui

1v

1i

v

1ii
iuii

v

1i

2
iuii

v

1i
iui0u exxxxy +β+β+β+β= ′

−

= +=′
′

==
∑ ∑∑∑                 …(1.3) 

We call it a second-order (quadratic) response surface. Henceforth, we shall concentrate 

on the second order response surface which is more useful in agricultural experiments. 

 

2.   The Quadratic Response Surface 
The general form of a second-degree (quadratic) surface is 

         exx...xxxx   

x...xxx...xxy

uvuu,1vv,1vu3u113u2u112

2
vuvv

2
u222

2
u111vuvu22u110u

+β++β+β

+β++β+β+β++β+β+β=

−−

 

Let us assume that s'xiu  satisfy the following conditions: 

 

(A) 0x
N

1u

v

1u
iu

i =








∑ ∏
= =

α
, if any iα is odd, for 3or2,1,0i =α  and ∑ ≤α .4i  

(B) =∑
=

N

1u

2
iux constant (for all i ) 2Nλ=  (say) 

(C) =∑
=

N

1u

4
iux  constant (for all i ) = 4CNλ  (say) 

(D) =′
=
∑ 2

ui

N

1u

2
iuxx constant 4Nλ=  (say), for all ii ′≠      …(2.1) 

 

We shall estimate the parameters s'iβ  through the method of least squares. Under the 

above restrictions on s'xiu , the normal equations are found to be: 
 

∑∑
==
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v

1i
ii20

N

1u
u bNNby  
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N

1u
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N
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=
′ λ=∑   …(2.2) 
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Solving the above normal equations, we obtain the estimates bi’s as 
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N

1u
u42u

v

1i

N

1u

2
iu4

2
2u

N

1u

2
iuii

4

N

1u
uuiiuii

2

N

1u
uiui

v

1i

N

1u
u

2
iu2

N

1u
u40

N1Cy1Cyxyxb

Nyxxb

Nyxb

Nyxy1vCb

λ−







∆









λλ−−λ−λ−=

λ=

λ=

∆







λ−−+λ=

∑∑ ∑∑

∑

∑

∑ ∑∑

== ==

=
′′

=

= ==

 

           …(2.3) 

 

where, ( ) 2
24 v1vC λ−λ−+=∆ . 

 

The variances of and covariances between the estimated parameters are as follows: 

 

( ) ( )
( )
( )
( ) ( )[ ] ( )[ ]

( )
( ) ( ) ( )[ ]∆λ−σλ−λ=

∆σλ−=

λ−λ−λ+σ=

λσ=

λσ=

∆σ−+λ=

′′

′

4
2

4
2
2iiii

2
2ii0

44
2
2

2
ii

4
2

ii

2
2

i

2
40

N1C(b,bCov

Nb,bCov

N1C1bV

NbV

NbV

N1vCbV

  

            …(2.4) 

 

Other covariances are zero. From the above expressions it is clear that a necessary 

condition for the design to exist is that 0>∆ . Thus, a necessary condition for a Second 

Order Design to exist is that 
 

(E) ( )1vCv2
24 −+>λλ                     …(2.5) 

 

If ŷ  is the estimated response at any given experimental point ( )0k2010 x,...,x,x , then the 

variance of ŷ  is given by 
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( ) ( ) ( ) ( ) ( )

( ) ( ) 







+








+









+








+








+=

∑ ∑∑

∑ ∑∑∑

−

= +=′
′′′

=

−

= +=′
′′

==

1v

1i

v

11i

2
0i

2
0iiiii

v

1i

2
0iii0

1v

1i

v

1ii

2
0i

2
0iii

v

1i

4
0iii

v

1i

2
0ii0

xxb,bCov2xb,bCov2

xxbVxbVxbVbVŷV

        …(2.6) 

If 2
v

1i

2
0i dx =∑

=
, where d  is the distance of the point ( )0v2010 x,...,x,x  from the origin, then 

we may write  
 

( ) ( ) ( ) ( )[ ] ( )

( ) ( ) ( )[ ]iiiiiiii

1v

1i

v

1ii

2
0i

2
0i

ii
4

ii0i
2

0

bV2b,bCov2bVxx

bVdb,bCov2bVdbVŷV

−++

+++=

′′′

−

= +=′
′∑ ∑

  …(2.7) 

From the above expression, it is clear that if the coefficient of ∑ ∑
−

= +=′
′

1v

1i

v

1ii

2
0i

2
0i xx is made equal 

to zero, the variance of the estimated response at ( )0v2010 x,...,x,x  will be a function of d , 

the distance of the point ( )0v2010 x,...,x,x  from the origin. 

 

Now, the coefficient of ∑ ∑
−

= +=′
′

1v

1i

v

1ii

2
0i

2
0i xx  is  

 

( ) ( ) ( )

( )
( ) ( )

( )
               

1C

2
1

N
           

1
1C

2

1C

2
1

N
           

bV2b,bCov2bV

4

2

4
2
24

2
2

4

2

iiiiiiii










−
−

λ

σ
=

























∆

λ−λ
+

−
−

−∆

λ−λ
+

λ

σ
=

−+ ′′′

   …(2.8) 

 

Obviously, this is zero, if and only if 3C = . Thus, when 3C = , the variance of the 

estimated response at a given point, the response being estimated through a design 

satisfying (A), (B), (C), (D), (E) becomes a function of the distance of that point from the 

origin. Such designs are called as Second Order Rotatable Designs (SORD). We may now 

formally define a SORD: 

 

Let us consider N  treatment combinations (points) { } N,...,2,1u;v,...,2,1i,xiu ==  to form 

a design in v  factors, through which a Second-degree surface can be fitted. This design is 

said to be a SORD if the variance of the estimated response at any given point is a 

function of the distance of that point from the origin. 

 

The necessary and sufficient conditions for a set of points { } N,...,2,1u;v,...,2,1i,xiu ==  

to form a SORD are 
 

(A’) 0x
N

1u

v

1u
iu

i =








∑ ∏
= =

α
, if any iα is odd, for 3or2,1,0i =α  and ∑ ≤α .4i  
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(B’) =∑
=

N

1u

2
iux 2Nλ   

(C’)     =∑
u

4
iux  constant = 3 4Nλ                                                          v,...,2,1i =  

(D’) =′∑ 2
ui

u

2
iuxx 4Nλ  ;                                                                      ii ′≠  

(E’) ( )2vv2
24 +>λλ          …(2.9) 

 

The conditions (A’), (B’) and (D’) are same as conditions (A), (B) and (D) in (2.1). 

 

We now prove the following: 
 

Lemma: If a set of points { },N,...,2,1u;v,...,2,1i,xiu ==  satisfying (A’), (B’), (C’) and 

(D’) are such that every point is equidistant from the origin, then 

( )2vv2
24 +=λλ                   …(2.10) 

 

Proof: Let d  be the distance of any point from the origin. Then, since all the points are 

equidistant from the origin, we have 

 ∑ ∑
= =

λ=







=

N

1u
2

v

1i

2
iu

2 vx
N

1
d  

and  

( ) 44

N

1u

v

1i

v

1ii

2
ui

2
iu

v

1i

4
iu

N

1u

2
v

1i

2
iu

4

1vvv3

xx2x
N

1
      

x
N

1
d

λ−+λ=









+=









=

∑ ∑ ∑∑

∑ ∑

= = +=′
′

=

= =

 

 

Thus, ( ) 44
2
2

2 1vvv3v λ−+λ=λ  

or, ( ) 0v2v 2
24 =λ−+λ  

 

An arrangement of points satisfying (A’), (B’), (C’) and (D’) but not (E’) is called a 

Second Order Rotatable Arrangement (SORA). A SORA can always be converted to an 

SORD by adding at least one central point. 

 

A near stationary region is defined as a region where the surface slopes along the v  

variable axes are small compared to the estimate of experimental error. The stationary 

point of a near stationary region is the point at which the slope of the response surface is 

zero when taken in all the directions. The coordinates of the stationary point 

( )′= v002010 x,...,x,xx  are obtained by differentiating the following estimated response 

equation with respect to each ix  and equating the derivatives to zero and solving the 

resulting equations 
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( ) ∑ ∑∑∑
−

= +=′
′′

==
+++=

1v

1i

v

1ii
iiii

v

1i

2
iii

v

1i
ii0 xxbxbxbbxŶ                ...(2.11) 

 

In matrix notation (2.11) can be written as 
 

( ) Bxxbx ′+′+= 0bxŶ                             …(2.12) 

where ( ) ( )′=′= v21v21 b,...,b,b,x,...,x,x bx  

and 

 



















=

vvv2v1

v22212

v11211

b2/b2/b

2/bb2/b

2/b2/bb

…

…………

…

…

B  

 

From equation (2.12) 

 

( )
Bxb 2

x

xŶ
+=

∂

∂
                  …(2.13) 

 

The stationary point 0x  is obtained by equating (2.13) to zero and solving for x , i.e. 

bBx
1

0
2

1 −−=                               …(2.14) 

 

To find the nature of the surface at the stationary point we examine the second derivative 

of ( )xŶ . From (2.13) 
 

 
( )

B2
x

xŶ
2

2

=
∂

∂
  (since B is symmetric). 

 

The stationary point is a maximum, minimum or a saddle point according as B is negative 

definite, positive definite or indefinite matrix. If v21 ,...,, λλλ  represent the v eigenvalues 

of B. Then it is easy to see that if v21 ,...,, λλλ  are 

(i)   All negative, then at 0x  the surface is a maximum 

(ii)   All positive, then at 0x  the surface is a minimum 

(iii) of mixed signs, i.e. some are positive and others are negative, then 0x  is a saddle 

point of the fitted surface. 

 

Furthermore, if  iλ  is zero (or very close to zero), then the response does not change in 

value in the direction of the axis associated with ix  variable. The magnitude of iλ  

indicates how quickly the response changes in the direction of axis associated with ix  

variable. 
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The conditions in (2.1) and (2.9) help in fitting of the response surfaces and define some 

statistical properties of the design like rotatability. However, these conditions need not 

necessary be satisfied before fitting a response surface. This can be achieved by using the 

software packages like the Statistical Analysis System (SAS). PROC RSREG fits a 

second order response surface design and locates the coordinates of the stationary point, 

predict the response at the stationary point and give the eigenvalues v21 ,...,, λλλ  and the 

corresponding eigen vectors. It also helps in determining whether the stationery point is a 

point of maxima, minima or is a saddle point.  The lack of fit of a second order response 

surface can also be tested using LACKFIT option under model statement in PROC 

RSREG.  The lack of fit is tested using the statistic 
 

F =
)N'/(NSS

(N'-p)/ SS

PE

LOF

−
        …(2.15)

  

where N is the total number of observations, N’ is the number of distinct treatments and p 

is the number of terms included in the model. SSPE (sum of squares due to pure error) has 

been calculated in the following manner: denote the l
th

 observation at the u
th

 design point 

by ylu, where l =1,…, ru ( ≥ 1), u=1,…..v . Define uy  to be average of ru observations at 

the u
th
 design point. Then, the sum of squares for pure error is  

SSPE = 2
ulu

r

1l

v

1u

)y - (y   
u

∑∑
==

                 …(2.16) 

Then sum of squares due to lack of fit (SSLOF) = sum of squares due to error - SSPE 

The analysis of variance table for a second order response surface design is as given 

below: 

 

Table 1:  Analysis of Variance for Second Order Response Surface 
 

Source      DF                    SS 

Due to 

regression 

coefficients 








+

2

v
v2  

CFyxxb̂

yxb̂yxb̂yb̂

ii

N

1u
uuiiuii

i
u

N

1u

2
iuii

i

N

1u
uiui

N

1u
u0

−







+









+








+

∑∑ ∑

∑ ∑∑ ∑∑

′≠ =
′′

===
 

Error  

1
2

v
v2N −








−−  

 

By subtraction = SSE 

Total 1N −  
CFy

N

1u

2
u −∑

=
 

 

In the above table, CF = correction factor = 
( )

N

Total Grand
2

.  For testing the lack of fit the 

sum of squares is obtained using (2.16) and then sum of squares is obtained by subtracting 

the sum of squares due to pure error from sum of squares due to error. The sum of squares 
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due to lack of fit and sum of squares due to pure error are based on 1
2

v
v2'N −








−− and 

NN ′− degrees of freedom respectively.   

 

It is suggested that in the experiments conducted to find a optimum combination of levels 

of several quantitative input factors, at least one level of each of the factors should be 

higher than the expected optimum. It is also suggested that the optimum combination 

should be determined from response surface fitting rather than response curve fitting, if 

the experiment involves two or more than two factors. 

 

3. Construction of Second Order Rotatable designs 

A second order response surface design is at least resolution V fractional factorial design. 

Here  

 

3.1   Central Composite Rotatable Designs 

Let there be v factors in the design. A class of SORD for v factors can be constructed in 

the following manner. Construct a factorial v-factors with levels α±  containing p2  

combinations, where p2  is the smallest fraction of v2  without confounding any 

interaction of third order or less.  Next, another v2  points of the following type are 

considered: ( ) ( ) ( )β±β±β± ……… 00,000,000 . These v22N p +=  points, give 

rise to a SORD in v  factors with levels 0,, β±α± . We have for this design, 

.2xx

22x

22x

4p
N

1u

2
ui

2
iu

44p
N

1u

4
iu

22p
N

1u

2
iu

α=

β+α=

β+α=

∑

∑

∑

=
′

=

=

 

On applying the condition of rotatability, we have 

.2or

2

222.3

2p22

p44

44p4p

=αβ

α=β⇒

β+α=α

 

 

This equation gives a relationship between β  and α . For determining α  and β  uniquely, 

we either fix  1=α  or .12 =λ  For .2  ,1 2/p2 =β⇒=α   

 

Example. Let 4v = . Then the points of the SORD are 

 

α−  α−  α−  α−  

α−  α−  α−  α  

α−  α−  α  α−  

α−  α−  α  α  

α−  α  α−  α−  

α−  α  α−  α  
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α−  α  α  α−  

α−  α  α  α  

α  α−  α−  α−  

α  α−  α−  α  

α  α−  α  α−  

α  α−  α  α  

α  α  α−  α−  

α  α  α−  α  

α  α  α  α−  

α  α  α  α  

β  0 0 0 

β−  0 0 0 

0 β  0 0 

0 β−  0 0 

0 0 β  0 

0 0 β−  0 

0 0 0 β  

0 0 0 β−  

0 0 0 0 

 

There are 25 points – a central point has been added because, all the non-central points are 

equidistant from the origin, as α=β 2 , here. 

 

3.2  Construction of SORD using BIB Designs 

If there exists a BIB design D with parameters **,k*,r*,b*,v λ  such that  *3*r λ= , 

then a SORD with each factor at 3 levels can be constructed.  
 

Let *N  be the *b*v ×  incidence matrix of D. Then *′N  is a matrix of order *v*b × , 

every row of which contains exactly *k  unities and every column contains exactly 

*r unities, rest positions being filled up by zeros. In *′N , replace the unity by α . Then, 

we get *b combinations involving α  and zero. Next, each of these combinations are 

‘multiplied’ with those of a *k2 factorial with levels 1±  where, the term ‘multiplication’ 

means the multiplication of the corresponding entries in the two combinations, zero 

entries remaining unaltered. Thus, if ( )0αα  is multiplied by ( )11 −−  we get 

( )0α−α− . The procedure of multiplication gives rise to *b *k2  points each of *v -

dimension. These points evidently satisfy all the conditions (A’), (B’), (C’) and (D’); 

however, since each point in the arrangement is at the same distance from the origin, we 

have to take at least one central point to get a SORD in *vv =  factors.  The levels of the 

factors are 0,α± . The value of α  can be determined by fixing 12 =λ . 

 

SORD’s can be constructed using BIB designs, even when *3*r λ≠ . In the case, where 

*3*r λ<  the set of *b *k2 points obtained using *′N  is to be augmented with further 

*v2 points of the type  

 

( ) ( ) ( )β±β±β± ……… 00,000,000  
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For the N points (N = *b *k2 + *v2 ), we have  

.2*xx

22*rx

4*k

u

2
ui

2
iu

44*k

u

4
iu

αλ=

β+α=

∑

∑

′

 

Thus 4*k4*k4 2*32*r2 αλ=α+β   

   or, ( ) 2

1*k

2122 2.*r*3

−

−λ=αβ  

When *3*r λ> , the points augmented are of type ( )β±β±β± ......  and p2  in number, 

where p2  is the smallest fraction of *v2 factorial with levels β± , such that no interaction 

of order three or less is confounded.  In this case,  

 
.22*xx

22*rx

4p4*k

u

2
ui

2
iu

4p4*k

u

4
iu

β+αλ=

β+α=

∑

∑

′

 

 

Thus, 4p4*k4p4*k 22*r2.32*3 β+α=β+αλ  

     or, ( ) 4*k41p 2*3*r2 αλ−=β+ , 

 

which gives ( ) ( ) 21p*k2122 2.*3*r −−λ−=αβ . 
 

In both the cases, we get *v - factor SORD with each factor at five levels. 

 

4.   Practical Exercise 

Exercise 1: A central composite rotatable design was set up to investigate the effects of 

three fertilizer ingredients on the yield of snap beans under field conditions. The fertilizer 

ingredients and actual amount applied were nitrogen (N), from 0.89 to 2.83 kg/plot; 

phosphoric acid (P2O5) from 0.265 to 1.336 kg/plot; and potash (K2O), from 0.27 to 1.89 

kg/plot. The response of interest is the average yield in kg per plot of snap beans. The 

levels of nitrogen, phosphoric acid and potash are coded, and the coded variables are 

defined as 
 

X1 = (N-1.62)/0.71, X2 = (P2O5-0.80)/0.31, X3 = (K2O -1.08)/0.48 
 

The values 1.62, 0.80 and 1.08 kg/plot represent the centres of the values for nitrogen, 

phosphoric acid and potash, respectively. Five levels of each variable are used in the 

experimental design. The coded and measured levels for the variables are listed as 
 

 Levels of xi 

 -1.682 -1.000 0.000 +1.000 +1.682 

N 0.18 0.91 1.62 2.34 2.83 

P2O5 0.26 0.48 0.80 1.12 1.33 

K2O 0.27 0.60 1.08 1.57 1.89 
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Six central point replications were run in order to obtain an estimate of the experimental 

error variance. 
 

The complete second order model to be fitted to yield values is 

 

 ∑ ∑∑∑
= =′

′′
==

β+β+β+β=
2

1i

3

2i
iiii

3

1i

2
iii

3

1i
ii0 xxxxY +e 

The following table list the design settings of 1x , 2x  and 3x  and the observed values at 

15 design points N,  P2O5,  K2O and yield are in kg. 

 

Table 2: Central Composite Rotatable Design Settings in the Coded Variables 1x , 2x  

and 3x , the original variables N, P2O5, K2O and the Average Yield of Snap Beans at 

Each Setting 

 

1x  2x  3x  N P2O5 K2O Yield 

-1 -1 -1 0.913 0.481 0.607 5.076 

1 -1 -1 2.344 0.481 0.607 3.798 

-1 1 -1 0.913 1.120 0.607 3.798 

1 1 -1 2.344 1.120 0.607 3.469 

-1 -1 1 0.913 0.481 1.570 4.023 

1 -1 1 2.344 0.481 1.570 4.905 

-1 1 1 0.913 1.120 1.570 5.287 

1 1 1 2.344 1.120 1.570 4.963 

-1.682 0 0 0.423 0.796 1.089 3.541 

1.682 0 0 2.830 0.796 1.089 3.541 

0 -1.682 0 1.629 0.265 1.089 5.436 

0 1.682 0 1.629 1.336 1.089 4.977 

0 0 -1.682 1.629 0.796 0.270 3.591 

0 0 1.682 1.629 0.796 1.899 4.693 

0 0 0 1.629 0.796 1.089 4.563 

0 0 0 1.629 0.796 1.089 4.599 

0 0 0 1.629 0.796 1.089 4.599 

0 0 0 1.629 0.796 1.089 4.275 

0 0 0 1.629 0.796 1.089 5.188 

0 0 0 1.629 0.796 1.089 4.959 

 

OPTIONS LINESIZE = 72; 

DATA RP; 

INPUT N P K YIELD; 

CARDS; 

0.913      0.481      0.607      5.076 

2.344      0.481      0.607      3.798 

0.913      1.12        0.607      3.798 

2.344      1.12        0.607      3.469 

0.913      0.481      1.57        4.023 

2.344      0.481      1.57        4.905 

0.913      1.12        1.57        5.287 
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2.344      1.12        1.57        4.963 

0.423      0.796      1.089      3.541 

2.83        0.796      1.089      3.541 

1.629      0.265      1.089      5.436 

1.629      1.336      1.089      4.977 

1.629      0.796      0.27        3.591 

1.629      0.796      1.899      4.693 

1.629      0.796      1.089      4.563 

1.629      0.796      1.089      4.599 

1.629      0.796      1.089      4.599 

1.629      0.796      1.089      4.275 

1.629      0.796      1.089      5.188 

1.629      0.796      1.089      4.959 

; 

PROC RSREG; 

MODEL YIELD = N P K /LACKFIT NOCODE; 

RUN; 

      Response Surface for Variable YIELD 
                   Response Mean             4.464050 

                   Root MSE                  0.356424 

                   R-Square                    0.8440 

                   Coeft. of Variation          7.9843 

  

Regression     DF           SS         R-Square    F-Ratio         Prob > F 

 Linear                3          1.914067             0.2350        5.022     0.0223 

 Quadratic              3          3.293541            0.4044        8.642     0.0040 

 Crossproduct           3          1.666539            0.2046        4.373     0.0327 

 Total Regress         9          6.874147            0.8440        6.012     0.0049 

 

Regression               DF          SS                     R-Square        F-Ratio     Prob > F 

Lack of Fit           5         0.745407                0.149081          1.420        0.3549 

Pure Error           5         0.524973                0.104995 

Total Error          10         1.270380                0.127038 

 

Parameter                DF         Estimate        Std Error         T          Prob > |T| 

INTERCEPT               1          6.084180        1.543975          3.941  0.0028 

N                       1          1.558870        0.854546          1.824  0.0981 

P                       1         -6.009301        2.001253        -3.003  0.0133 

K                       1         -0.897830        1.266909       -0.709  0.4947 

N*N                     1         -0.738716        0.183184        -4.033  0.0024 

P*N                     1         -0.142436        0.558725       -0.255  0.8039 

P*P                     1           2.116594        0.945550          2.238  0.0491 

K*N                     1           0.784166        0.365142          2.148  0.0573 

K*P                     1           2.411414        0.829973         2.905  0.0157 

K*K                    1         -0.714584        0.404233        -1.768  0.1075 
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Factor      DF                    SS            MS             F-Ratio           Prob > F 

 N             4          2.740664         0.685166        5.393       0.0141 

 P              4          1.799019        0.449755        3.540       0.0477 

 K             4          3.807069        0.951767         7.492       0.0047 

  

Canonical Analysis of Response Surface 

 

                    Factor      Critical Value 
                       N                1.758160 

                       P                 0.656278 

                       K                1.443790 

            

Predicted value at stationary point      4.834526 

 

                                                   Eigenvectors 

       Eigenvalues          N                  P                   K 

          2.561918        0.021051        0.937448        0.347487 

         -0.504592        0.857206       -0.195800       0.476298 

         -1.394032       -0.514543       -0.287842       0.807708 

 

                  Stationary point is a saddle point. 

 

The eigenvalues obtained are  321 and, λλλ  as 2.561918, -0.504592, -1.394032. As 

32 and λλ  are negative, therefore, take 0WW 32 == . Let  

 
 

   M = {0.021051     0.857206     -0.514543, 

            0.937448    -0.195800     -0.287842, 

            0.34787       0.476298       0.807708}; 

 

denotes the matrix of eigenvectors. The estimated response at the stationary points be 

4.834526 kg/plot. Let the desired response be desY =5.0 kg/plot. Therefore, let 1W , 

obtained from the equation is sqrt (difference/2.561918)=AX1, say. To obtain various 

different sets of many values of 1W , generate a random variable, u , which follows 

uniform distribution and multiply this value with 1u2 −  such that 1W  lies within the 

interval, (-AX1, AX1). Now to get a combination of s'x i  that produces the desired 

response obtain 0xW*Mx += . 
 

PROC IML; 

W=J(3,1,0); 

Ydes=5.0; 

W2=0; 

W3=0; 

Dif=Ydes - 4.834526; 

Ax1=Sqrt(dif/2.561918); 

u= uniform(0); 

W1= ax1*(2*u-1); print w1; 
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w[1,] = w1; 

w[2,] = 0; 

w[3,] = 0; 

m = {0.021051  0.857206     -0.514543, 

        0.937448   -0.195800    -0.287842, 

        0.34787       0.476298    0.807708}; 

xest = {1.758160, 0.656278, 1.443790}; 

x = m*w+xest; 

print x; 

run; 

 

 

Combinations of N, P, K estimated to produce 5.0 Kg/Plot of Beans 

 

Y N P K 

5.0 1.760 0.730 1.471 

 1.762 0.815 1.503 

 1.754 0.460 1.371 

 

One can select a practically feasible combination of N, P and K. 


